Combinatorial polynomials

University of Fribourg
Spring term 2020

Disclaimer: this is a draft-in-the-making,
it will be updated during the semester.

Please report to me any correction or typos you might find
— thank you for your cooperation!

Emanuele Delucchi

September 14, 2020



Contents

[0 Some recurring notations|

[L  Graphs, colorings and flows |

|1.1 GraEhs| .................................
................................

2.2 Duality and matroids | . . . ... ... o oo
23 Universality] . . . .. ... ... ...

[ Geometric lattices and arrangements of hyperplanes|

B.1 Arrangements of hyperplanes|. . . ... ..............
.2 Matroids from geometric lattices] . . . . ... ...........
[34 Interlude: Arrangements|. . . . . ... ... ... oL
BEMINors . . . .«
[3.6 Dissectiontheory| . . . ... ... ... ... ... .. .. ... .

B.6.1 An example: graphic arrangements| . . . . ... ... ..
\lExercises Il . . . . . . .

4 Signed graphs

BT Definftion] . . . . oo vv vt e
42 Coloring| . .. ... ... ... o
43 Matroids . . . ...
4.4 Arrangements from signed graphs| . . . . .. ... .00
45  Arrangements associated to root systems| . . . . ... ... ...




[> A polyhedral interlude|
b.I Motivation: a Ioose end about flows on graphs|. . . . . ... ..

b.2 Polyhedra and polytopes| . .. ...................
.3 Facesof polyhedra] . . ... ......... . ... .......
b.31 Supporting hyperplanes|. . . ... .............

[p-4 Unimodularity and integrality] . . ... ..............
b5 Triangulations| . . ... ........................
[5.6 Sources and Bibliography] . . . . .. ... ..... ... .....

|6 Rational generating functions|
6.1 Basics . . . . . ..

[7__Ehrhart theory|
[71 Formal Laurent series from integer points|. . . . ... ... ...

|7.2 Coning over Eolztogeg ........................




Chapter 0

Some recurring notations

Z(X) or 2X the set of all subsets of a set X.
[n] The set{1,2,...,n}. Set [0] := 0.

B, The boolean poset on n elements, i.e., the set &?([n]) ordered by inclu-
sion.

(i), where X is a finite set and k € IN, is the set of all k-element subsets of X.
If X is finite and has, say, n elements, then |(§)| =)

BA, where A, B are sets, denotes the set of all functions A — B. If A, B are
finite, the cardinality of this set is B|!Al



Chapter 1

Graphs, colorings and flows

DiscLAIMER. We will only briefly review the basics of graph theory that are strictly
necessary for our purposes. For more background or further discussion of some topics
the reader can refer to one of the many excellent dedicated textbooks. Our formal
setup follows mostly Tutte’s book [7ll, while we occasionally update some terminology
in order to facilitate access to more modern literature such as [13} |4]].

1.1 Graphs

Definition 1.1.1. A graph G = (V, E, h, 1) is a quadruple consisting of a set of
vertices V, a set of Edges E and two functions h, t : E — V that assign to every
edge its “ends”. Given any set A C E of edges we let V(A) := h(A) Ut(A) be
the set of all ends of edges in A.

We will often omit braces when designing one-element sets, if no need for
specification arises. For instance, given e € E we will write V(e) for V({e}).

Aloop in G is any e € E with [V(e)| = 1. Two edges e, e’ € E are called
parallel if V(e) = V(e’). The graph G is called simple if it has no loops nor
parallel edges. A trail in G is any sequence vy, e1,Vy, ..., ex, Vi of vertices and
edges such that {vi_1,vi} = V(ey) for alli =1,...,k. It is called closed (or a
“cycle”) if k > 0 and vy = vi. A path is a trail where all edges and all vertices
are pairwise distinct (in this case we will talk about a “path from vy to vi”. A
circuit in G is a minimal closed trail, i.e., a closed trail which, after removal of
any edge, is a path (in particular, every loop is a circuit).

V1 —\16\)2—\)3

SE, S ST e

Vo vi=v4 V5 vo Vi Vg V9g=V5 V4 V3 Vo—V7 V5 Vg

Figure 1: A trail, a path, a circuit and a closed trail that is not a circuit.



Let T C V be a set of vertices of G the vertex-induced subgraph defined by T
is the graph G(T) := (T,E’,h,t) where E’ ={e € E | {h(e), t(e)} C T} is the set
of edges with both endpoints in T.

Definition 1.1.2. Let G be a graph. We call G connected if for any two ver-
tices v,w € V there is a path from v to w in G. A connected component of G
is any maximal connected vertex-induced subgraph, i.e., any vertex-induced
subgraph G(T) that is connected and such that, for every v e VAT, G(TU{v})
is not connected . We define

¢(G) := the number of connected components of G.

S
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Figure 2: Two connected graphs

Two fundamental operations on graphs are deletion and contraction of
edges.

Definition 1.1.3 (Edge deletion). Let G = (V, E, h, t) be a graph and let A C E.
The deletion of A from G is the graph G\ A := (V,E\ A, hjg\a, tjg\a) on the
same vertex set as G but without the edges in A, and with the functions h, t
restricted accordingly. If A = {e} consists of a single element, we sometimes
write G \ e for G \ {e}. The “restriction” of G to A is G[A] := G\ (E\ A).

Remark-Notation 1.1.4. An edge e € E is called an isthmus if ¢(G) < c(G \ e).

Remark 1.1.5 (On the word “subgraph”). Every graph of the form G[A] we
will call a “subgraph” of G. Notice the difference with the notion of "vertex
induced subgraph" discussed earlier on. The latter will not appear in the
following, so we feel safe in our terminological choice.

Definition 1.1.6 (Edge contraction). Let G = (V,E, h,t) be a graph and let
A C E. The contraction of A in G is the graph G/A = (V/,E/,h/,t’) with
edge set E/ := E\ A and vertex set V/ := V/ ~ given as the set of equivalence
classes of the equivalence relation on V generated by v ~ w if {v,w} = V(e)
for some e € A. The functions h’ and t’ are given by h’(e) = [h(e)]-, resp.
t'(e) = [t(e)]~.

Intuitively, deleting A from G means removing every edge in A, while con-
tracting A means “shrinking” every edge in A and identifying its endpoint-
vertices.



(@) (b)

Figure 3: Deletion (1.-h.s.) and contraction (r-h.s.) of an edge in the graphs
depicted in Figure [2}(a), resp. Figure 2}(b).

1.2 Colorings

Definition 1.2.1. Let G = (V, E, h, t) be a graph. A coloring of G is any function
Y : V= Ny such that y(h(e)) # y(t(e)) for every e € E. Given k € IN, we
call v a k-coloring of G if y(V) < k. The set of all k-colorings of a given graph

G is denoted by Fék).

Definition 1.2.2. Let G = (V, E, h,t) be a finite graph. The chromatic function
of G is the function
XS NN, ke 18

Example 1.2.3.
(1) If G has a loop, then obviously x (k) = 0 for all k.

(2) If e, e’ are two parallel edges of G, then x{ (k) = Xﬂ(\‘;\e(k) = xg\e, (k) for
all k.

(3) If G has no edges, i.e., E = 0, then x¥ (k) = k!V! for all k.

(4) The complete graph on n vertices is the simple graph Ky on an n—element
vertex set with one edge connecting any two distinct vertices. Then,
XEn(k) =k!/(k —n)! for all k.

() x& (k) = k(k —1)(k —2)? (b) x5 (k) =k(k—1)(k—2)

Figure 4: Two graphs with their chromatic functions.

Proposition 1.2.4. Let G be a finite graph, and let e € E be any edge of G that is not
a loop. Then,

X& () = X e (k) = XG /o (k) forall k € N



Together with Examples 1.2.4[(1)] and this determines the chromatic function
uniquely.

Proof. We clearly have F(Gk) - Fék\)e. Moreover every y € I"((;k\)e \ I"((;k) has

v(h(e)) =y(t(e)) and thus induces a valid coloring v’ of G/eviay’: V' — N

with v/([v].) = y(v) for all v. Conversely, every v’ € Fék/)e induces a unique

Y € F(Gk\)e. Therefore I"(Gk\)e \ F((;k) and I"ék/)e have the same cardinality, and thus

|Fék\)e| = \F(Gk)l + II"(Gk/)el. The claim follows. O

Corollary-Definition 1.2.5. For every given finite graph G there is a polynomial
XG € ZIx] such that x (k) = Xg (k) for all k € N. This X g is called the chromatic
polynomial of G.

We are going to give what is called a “combinatorial interpretation” of the
coefficients of the chromatic polynomial of a graph. This means that, although
we know that we can write

Xc(t) =) at! (1.1)
i=0

for some integers a;, we would like to be able to determine such coefficients.
We present one of the earliest results in this vein, obtained by Hassler Whitney
in 1934 [8]. We will follow Whitney’s original argument, using an elementary
but extremely versatile tool in enumerative combinatorics.

Principle of inclusion-exclusion. Let (X;)ic1 be a family of (not nec-
essarily distinct) subsets of a finite set X. Then

X\ (U xi> |=XI=) X+ ) IXinXjl—...... + (=DM ) Xl

i€l icl ijel i€l
i#j

Proposition 1.2.6. Let G be a graph with n vertices. Then the chromatic polynomial
satisfies

xg(t)= ) (~1)AelCIAD, (12)
ACE

In particular, if we let gp q denote the number of A C E such that |A| = p and
c(G[A]) = q, then the coefficients of the expansion in Equation (1.1) can be written

as ay =Y i o(—1) gy forall i

Proof. Fix a positive integer k and let us call k-precoloring of G any function
Y : V — [k, ie., an arbitrary assignment of one of the k colors to the vertices
of G. There are kIVI precolorings of G. Such a precoloring will sometimes
not be a valid coloring of G, as there might be some “bad” edges of G joining



two vertices of the same color. Given A C E, we let Pre(A) be the set of all
precolorings Y whose set of bad edges is A.

Formally, we set Pre(A) :={y : V — N~ | Y(h(e)) = Y(t(e))Ve € A}. Notice
that

(1) Pre(A;) NPre(A;) = Pre(A; UAy) forall Aj,A; CE,
) [Pre(A)] = klc(GIADI,

The idea is now to count all precolorings of G that do not have any bad
edges, i.e., to enumerate the set

Ig(k) =kY\ | Pre(e)
eckE

We can apply the principle of inclusion-exclusion to our situation, and
write

xc(k) =[Pre(®)| =kVI— % (~1)A|Pre(A)|
0CACE

=) (DA, (1.3)

ACE

where in the last equality we used that [V| = ¢(G[0)]), hence k'Y = (—1)?ke(G 10D,
The claim follows. O

Definition 1.2.7. Let G be a finite graph and fix any total order < on its set E
of edges. A broken circuit of G is any set of edges that is obtained by deleting
the maximal element of any circuit. More precisely, a broken circuit is any set
of the form C\ max. C where C is a circuit of G.

A no-broken-circuit set (or just an “nbc-set”) of G is any A C E that does not
contain any broken circuit. Let nbc(G) denote the family of all nbc-sets of G
and for every i let nbc; (G) denote the number of nbc-sets of cardinality i.

5

Figure 5: The graph for Example



Example 1.2.8. Consider the graph in Figure 5| Its chromatic polynomial has
been computed in Figure ] and can be expanded to

xc(t) =t(t—1)(t—2)2 =t*—5t3 + 8t> — 4t

We identify the set of edges with {1,2,...,5} according to the numbering dis-
played in Figure [5| We consider on this set the natural total order of integer
numbers.

This graph has three circuits, with edge-sets 124, 345 and 1235. Therefore,
there are three broken circuits: 12, 34, 123. The no-broken-circuit sets are then

Size 0: 0 nbcy(G) =1
Sizel: 1,2,3,4,5 nbc;(G) =5
Size 2: 13,14, 15,23,24,25,3545 | nbc(G) =8
Size 3: 135, 145, 235, 245 nbc;(G) = 4
Size 4: none nbcy(G) =0

Theorem 1.2.9. Let G be a graph on n vertices. Then the coefficients of the chromatic
polynomial of G as written in Equation (1.1)) satisfy

an—i = (—1)'nbc; (G)
forall i.

Proof. Recall the total ordering < on E. We extend this to a total ordering on
the set of all broken circuits, with the property that B < B’ implies max (B) <
max< (B’), for any two broken circuits B, B’. (El) We can now enumerate all
broken circuits in this ordering as By, By, ..., Bs and define a partition of the
set of subsets of the edge set E as

2F =& U...U& 1, with
& ={ACE|BiCA}and & :={ACE|B; CA}N\&_1fori>1,

so the elements of &; are all subsets that contain B; but none of the B; for j < i.
Let us now consider the summands in Equation (1.3) subdivided according to
the &is:

Xc(k) = Z (—1)|A|kC(G[A]) IR Z (_1)\A\kC(G[A])
AE(g)l Aeéas+1

For every i = 1,...,s now let e; be the edge that has been removed in order
to form the broken circuit B;. The ordering that we have chosen is such that

I There are several such total orderings - for instance, we can consider the lexicographic ordering,
which is defined by setting B < B’ if and only if max. (B \ B’UB’\ B) € B’. (The name
derives from the following alternative definition of this total order: for every broken circuit B
consider the ordered list A1(B) > A(B) > ... of its elements in decreasing order, and set
B < B’ if A{(B) < A{(B’) for the smallest i where the lists differ.)



e; ¢ Bj for all j <1 (in fact, e; > max B; > max Bj). Therefore, if we consider
the bipartition

S ={Acéilegc AJU{Ac & |ei €A,

= :(g’i+ =&

the function € : @“’f — &, €(A) := A\ {ei}, is a bijection.

12345

IR

1234 1235 1245 1345 2345

Figure 6: In the situation of Example m the construction of the proof of
Theorem [T.2.9| would consider the broken circuits By = 12, B, = 123, B3 = 34,
leading to the following families of sets: & as shaded blue in the picture,
&y =0, &3 as shaded orange in the picture, &3 = nbc(G).

Notice that, since the ends of e; are already connected by the path B; in
each A € &, by applying e the number of connected components does not
change: c¢(G[e(A)]) = c(G[A]), but the cardinality decreases by one. Therefore,
the contributions of the summands A and €(A) cancel out in the sum:

Y (—pAlkeeiaD -y ((_1)|A\kc(G[AJ)+(_1)|e(A)|kc(G[e(Am) 0.
A€ Aeét

Therefore, only the sum associated to &1 contributes to the expression of
XG (k). Now notice that in fact &1 = nbc(G). Moreover, no A € &1
contains any circuit of G, and thus c(G[A]) = |V|—|A] for such A. We can now
rewrite
n
xa(K)= )  (DAREAD = § (1) nbe(G)k™
AEEsi i=0

as desired. 0



1.3 Flows

Definition 1.3.1. Let G = (V, E, h,t) be a graph. An integer flow on G is any
function f : E — Z such that for every v € V we have

> fleg— ) fle)=0. (1.4)

ech—1(v) ect=1(v)

Let k € IN\ {0}. We call f an integer k-flow if |f(e)| < k for all e € E.
A modular k-flow is any f : E — Z, satisfying Equation understood as
a congruence modulo k (i.e., as an equation in the Abelian group Zy).

Any flow f is called nowhere zero if 0 ¢ f(E). The set of all nowhere zero

integer k-flows, resp. nowhere zero modular k-flows, is denoted by © (Gk) , resp.

o).
Remark 1.3.2.

e The definition of a flow on a graph can be given with values in an ar-
bitrary Abelian group. Relevant examples include real-valued flows, of
interest in optimization of networks, or complex-valued flows, arising
from the analysis of electrical networks. In fact, Equation (1.4) is eas-
ily seen to correspond to Kirchoff’s conservation condition for flows in
networks.

Definition 1.3.3. Let G be a finite graph. The integer flow function and the
modular flow function of G are defined as

O N oN, ke [0X)), NN, ke @)

and they “count” the number of nowhere-zero integer k-flows, resp. nowhere
zero modular k-flows on G.

Example 1.3.4.
(1) If G has no edges, clearly @ (k) = @ (k) =1 for every k
(2) If eis a loop of G, then o (k) = (k— 1)6’2\6(10.
Lemma 1.3.5. If G has an isthmus, then @ (k) = 9 (k) = 0 for all k.

Proof. Let e be an isthmus of G and let f be a flow on G. Let K be the connected
component of G containing e, and let S be the vertex set of one of the two

connected components of K that arise deleting e. Then, up to sign, f(e) is the
total flow f(S,V\ S) and thus, by Exercise [l.7} equals zero. O

Theorem 1.3.6. Let G be a finite graph and let e be an edge of G. If e is an isthmus,
then @ = 0. If e is not a loop nor an isthmus of G,

Pak) = ég/e(k) —Gﬂé\e(k) for every k. (1.5)

11



Together with Lemma and Example 1.3.6](T)| this relation determines the func-
tion @ uniquely.

Proof. Let v, w be the ends of e, and set

Iyi= ) fle)— ) fle), Zw:= ) fle— > fle)

ecE\e ecE\e ecE\e ecE\e
h(e)=v t(e)=v h(e)=w tle)=w

Now any f € 6(Gk\) . viewed as a function on the edges of G/e, satisfies
trivially Equation (1.4) at every vertex of G/e other than the vertex [v]., i.e.,
the one formed merging v and w. At this vertex, Equation (1.4) in G/e is

L, + Xy = 0 and this is trivially satisfied since f, being a flow on G\ e,

satisfies both X,, = 0 and X,,, = 0. Thus, 6(Gk\)e < 6(Gk/) e

On the other hand, an f € 58(/)6 that is not in 5(Gk\) . is one for which

Ly = —Zw # 0. This means that it extends uniquely to a nowhere-zero flow
e E(Gk) by setting, for every g € E,

() :={

It remains to check that, in fact, £, = —X,, # 0 must hold also for ev-
ery nowhere-zero flow on G, so that indeed there is a bijection between

f(g)
Li(e

g#e
g=e

5(Gk/) . \58(\) . and 5(Gk). The claim follows now in view of the already proved
containment E(Gk\) . C E(Gk/) . O
Corollary-Definition 1.3.7. For every given finite graph G there is a polynomial
©G € ZI[x] such that §g(k) = @ (k) for all k € IN. This @ is called the flow
polynomial of G.

Example 1.3.8. We can compute the flow polynomial for the graphs in Fig-
ures 2] and | and compare them with the associated chromatic polynomial.

G Figure Figure @ Figure @ Figure @
xct) [[tt—=1)(t—2) tt—1) tt—1t—22 [ tt—1)(t—2)
0 (t—=1) (t=1(t-2) || t-1(t-2) [ (k-1)(k-2)

We have seen that for some graphs, for example K4, the chromatic and
flow polynomials are related up to a multiplication by the variable. In the
table above we see two pairs graphs where the chromatic polynomial of the
one is the flow polynomial of the other (again, up to a multiplication of the
variable), and vice-versa. Those graphs are related by what is called “planar
duality”.

12



Digression: planar duality of graphs.

Let G = (V,E, t,s) be a graph. A planar drawing of G is a set of points
and paths in the plane satisfying some properties. More precisely, a draw-
ing consists of

e one point p, € R? for each v € V, so that the function v — py, is
injective and py is discrete in R?.

e a simple, regular path w, for every e € E, i.e., an injective and
continuous function we : [0,1] — R? with we(0) = Pt(e) and
we(l) = Phe) and for which Vwe(t) # 0 for all t €]0,1].

We require that the paths representing edges only intersect at points la-
beled by the vertices incident to the edge under consideration. Precisely:
for every e, e’ € E, we require that we(t) = we(t’) implies {t,t'} C {0, 1}.

This definition entails that if C is the set of edges of a circuit of G,
the set (Jocc we([0,1]) is a Jordan curve. Thus, by the Jordan curve the-
orem every circuit of G determines a bipartition of R? in two open and
connected regions (one bounded and one unbounded). The (open, con-
nected) parts of the partition of IR? that refines all bipartitions obtained by
circuits of G are called the regions determined by the given drawing of G.
They are all bounded and contractible, with exception of one unbounded
(and in general not-contractible) region. The boundary of every region is
a circuit of G drawn in the plane.

We can define now a planar dual G* to G as follows. The vertices of
G* are the regions of the drawing, and the edge-set can be taken to be the
same as the edge-set of G, but for clarity we will call it E*, with a fixed
bijection e — e* between E and E*. The ends of any e* are determined as
follows: look at the drawing w, of the edge e and notice that we([0,1]) is
contained in the (topological) boundary of at most two regions, say Ry, Ry
(where we will allow Ry = Rp). As we go along the boundary of R; and
Ry in positive direction (counterclockwise), we’ll meet in one case (say Rp)
first t(e) and then h(e), in the other (say R;) the reverse will happen. We
will then say that t*(e*) = Ry, h*(e*) = R,.

Alternatively (and most commonly), one obtains a drawing of G* by
choosing a point (representing a vertex of G*) in each region of the given
drawing of G and drawing a simple regular path (representing an edge
e* of G*) across each edge e of G, whose endpoints are the vertices of
the region(s) in whose boundary we ([0, 1]) lays, and that crosses the path
representing e at a unique crossing point p(e). The ends t(e*) and h(e*)
are assigned so that the pair (Vwe, Vwex) taken at p(e) is a positively
oriented basis of the plane. (intuitively: “e* crosses e from left to right”,
see Figure[/).

Different drawings of the same abstract graph G can give rise to non-
isomorphic duals. However, it is always true that (G*)* is isomorphic to
G.

13



Figure 7: Illustration of the “orientation” of primal-dual edges

Proposition 1.3.9. Let G be a finite, connected planar graph and let G* be its planar

dual. For every k € IN\ {0}, there is a k-to-one surjective map between the set l"((;k)

of k-colorings of G and the set 5(Gk*) of nowhere-zero k-flows on G*.
Corollary 1.3.10. Let G be a finite, connected planar graph. Then X g (t) = t@g=(t).

Proof of Proposition[1.3.9, Let G be any given finite planar graph and consider
its planar dual G*. In particular, every edge e of G is paired with an edge e*
of G*, i.e., the one that crosses e (at a unique crossing point p(e)) in the given
planar drawing of G.

Now, given a k-coloring v of G define a function f* : E* — Zy as follows:

where on the r.h.s. we take the congruence class modulo k. It is easy to see that
v being a proper coloring implies that f, is nowhere zero. In order to check
the condition for f, to be a flow, consider any vertex v* of G*. This vertex
corresponds to a region of the plane that is bounded by a circuit of G. Call
C :vq,e1,Vy,... this circuit, with vertices and edges listed in counterclockwise
direction. Then every edge of G* that insists on v* is of the form (e;)* for
some e; in C, and by construction of the planar dual we have that v* = t(e})
if and only if vi = t(e;i) (and thus vi 1 = h(e;)), see Figure
Now we can compute Equation (1.4)

Z fy(e*)— Z fy(e*) =

vi=t(e*) v¥=h(e*)

Z v(tlei)) —v(h(ei)) + Z Y(h(ei)) —v(t(ei)) =
vi=t(ey) vi=h(ei)

Z Yvi) = v(vig1) + Z Y(vi) = v(vig1) Z'Y vi) —v(vi) =0
vi=t(ey) vi=h(e;)

Now, fix a vertex vo € V. Let I' be the set of all k-colorings of G and let
® be the set of all nowhere-zero k-flows on G*. We already know that the
function O

e = @) x{1,..., %, v (fy,v(v)

14



tlej) =vjp1

Figure 8: Here v* = t(e]?‘) = h(e})

1

is well-defined. We are left with proving that it is bijective, which we will do
by providing an inverse. Let f be a nowhere-zero k-flow on G* and let iy € [k].
For every vertex v of G choose a path vy, eq,vy,...,vi =Vv. Define

ve) €{L .. K, v =do+ Y flle))— D f((er)*) modk

h(ei)=vyi tley)=vq

Notice that y¢(v) does not depend on the choice of paths (we prove this as
Exercise [I.8) and is thus well-defined. Now notice that for any edge e we have
v¢(h(e)) —ve(t(e)) = f(e*) and thus the fact that f is nowhere-zero implies
that y¢ is a proper k-coloring.

O

Since the double dual of a planar graph is the graph itself, Corollary [I.3.10]
can be rewritten as saying that g(t) = t1x g+ (t) for any connected planar
graph G. Thus Proposition[I.2.6/can give us an explicit expression for the flow
polynomial of a connected planar graph, provided we can interpret c(G*[A])
in terms of G.

Definition 1.3.11. Let G be any finite graph. Define the cyclomatic number of
G to be
B1(G) = [E| = V] +¢c(G).

As the name suggests, this is the first Betti number of the graph G viewed
as a 1-dimensional simplicial complex. If G is planar, this is one less than the
number of faces.

Lemma 1.3.12. Let G be any finite graph, e an edge of G. Then

B1(G) if e is an isthmus,

B1(G)—1 otherwise. (1.6)

rsl(G\e)z{

15



_ [ B1(G)—=1 ifeisaloop,
B1(G/e) = { B1(G) otherwise.

Theorem 1.3.13. Let G be a finite graph. The modular flow polynomial of G can be

written as
Pelt) = \E\ Z \A\tﬁl Al)
ACE

1.7)

Proof. Let Pg(t) denote the sum on the rh.s. in the claim. We have to show
that it equals @g(t). We argue using Theorem which determines the
flow polynomial fully.

e If G has no edges, then the sum that defines Pg(t) has only one sum-
mand (for A = () and the cyclomatic number is 0. Thus, Pg(t) =
(—1)%(=1)9% = 1.

e Let e be an isthmus of G. With Lemma [1.3.12| we compute

Ps(t) = (71)|E| Z ((71)|A|tﬁ1(G[AD +(71)\AU{€}|tf31(G[AU{e}]))
ACE\{e}

—(—nE Y ((_1)|A|tﬁl(G[An_(_1)\A|tr31<G[AJ)):0
ACE\{e}

e Let e be a loop of G. Again, we compute with Lemma|1.3.12

Pg(t) = (_1)|E| Z ((_1)|A|t[31(G[AJ) +(_1)\AU{€}|tf31(G[Au{e}]))

ACE\{e}
— (_1)|E| Z (1 _t)(_l)lAltﬁl(G[AU
ACE\{e}
_ (t—l)(—l)‘E\{e}l Z (_1)|A|tf51(G[A]) =(t— 1)PG\e(t)

ACE\{e}

e Now suppose that e is no loop. Then, contracting e does not change the
cyclomatic number. We compute

Pg(t)_(_l)E( Z (— 1)|A|tf31 Al/e) 4 Z ‘A‘tﬁl G[A]))

ecACE ACE\{e}

:(1)E—l( Z (71)\A\t[51(G[A]/e)7 Z (1)|A|tf31(G[A]))

ACE\{e} ACE\{e}
= PG/e(t) - PG\e(t)-

This completes the proof. O
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Exercises 1

I1

1.2

L3

1.4
L5

L6

1.7

Show that a finite graph G with n vertices and m edges is cycle-free if
and only if ¢(G) =n—m.

The degree of a vertex v of a finite graph G is the “total number of vertex-
edge incidences at v”, i.e.,

dv) =fe€E|h(e) =vll+I{e € E|t(e) =V}

Prove that a finite graph G contains a cycle if and only if it contains a
subgraph G[A] whose vertex-degrees are all even.

Let G be a finite graph and A, B C E two disjoint subsets of edges of G.
Prove that (G/A)\ B = (G\ B)/A.

Give a formal proof of the principle of inclusion-exclusion.

Determine the chromatic polynomial of the graph in Figure [J] using
deletion-contraction. Check your result using no-broken-circuit sets.

O

Figure 9

Determine the modular flow polynomial of the graph in Figure 9 using
deletion-contraction. Check your result using no-broken-circuit sets of
the planar dual.

Let G = (V,E, h,t) be a finite graph and let S,T C be two subsets of
its vertex set. Let f be a flow on G with values in an abelian group
A, written additively (i.e., we write "+" for the group operation and
consider a function f : E — A satisfying Equation as an identity
between group elements with respect to the group operation).

The total S-T flow is defined as

f(S,T)= ) fle)— > fle)

eckE eck
t(e)eS h(e)eS
h(e)eT t(e)eT

Prove that, if V = SUT is a bipartition of V, then f(S, T) = 0.
(Hint: as a first step, try to prove that f(S,S) = 0 and f(S, V) = 0 for all
SCV)

17



1.8 Prove that the definition of y¢ in the proof of Proposition does
not depend on the choice of paths. (Hint: you may use the previous
exercise.)

18



Chapter 2

The Tutte polynomial

2.1 Definition

From our discussion of colorings and modular flows, we see the importance
of two graph statistics: the number of connected components and the cyclo-
matic number. We can then consider the associated two-variable generating
function.

Definition 2.1.1.
Qav,w) = Y Ve(GIADyPIGIAD 2.1)
ACE

Remark 2.1.2. This polynomial, called the “dichromate” of G, generalizes both
the chromatic and the flow polynomial of the graph. In fact we have

xa(t) = (1)VIQa(~t,-1),  Fa(t) = (~1FFVIQg(-1, 1)
Example 2.1.3. e If G has no edges, then Qg (v,w) = vV
o If G has one vertex and a single loop, then Qg (v, w) =v(1+w)
o If G has two vertices and a single isthmus, then Qg (v, w) =v(1 +V)
Proposition 2.1.4. Let G be a finite graph, e an edge of G.
o Ifeisaloop or an isthmus of G, then Qg (v, w) = vl Qce1 (v, W)Qg\e(v,W)

e If e is neither a loop nor an isthmus of G, then Qg (v,w) = Qg\(v,W) +
Qg/elv,w)

Proof. We first expand

Qglv,w) = Z Vve(GIAD B (GIAD) | Z ve(GIAT), B1(GIAT
ACE\e ecACE
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Now if e is a loop, the second term can be written as

w Y e(GANeD B (GIANeD),
ecACE

whence Qg (v, w) = (1 +w)Qg\ (v, W) in this case. If e is an isthmus the first
term can be written as

v Y welGATBi(GIAD),
ACE\e

and then Qg (v,w) = (v+1)Qg\e (v, W).
Otherwise, the second term equals

3 ve(G/elANe])Bi(G/elANe))
ecACE

and we conclude Qg (v,w) = Qg\e(V, W) + Qg /e (v, W).
O

The idea of the dichromate Qg goes back to W. T. Tutte, but nowadays it is
the following variation on it that is commonly called the “Tutte polynomial”
of the graph G.

Definition 2.1.5. The Tutte polynomial of a finite graph G is

Te(xy) = (x—1)7¢(¢)Qg(x—1,y—1)
- Z (x — 1)T(G)=T(GIAD (y _ 1 )n(GIA])

Where we write v and n for the rank and nullity of a finite graph, defined as
T(G) =[VI—=c(G),  n(G)=[E[—7(G). (22)

Remark 2.1.6. Exercise ... shows that the rank is is the cardinality of any maxi-
mal cycle-free set of edges of G, and the cyclomatic number equals the number
of edges that do not participate in such a cycle-free set (i.e., the nullity of G).
In particular, rank and nullity are properties that can be detected without
referring to connectivity properties such as isolated vertices etc.

Remark 2.1.7. We can translate Remark in terms of the Tutte polynomial.

xc(t) = (—1)"CteCT5(1-1,0),  Bet) = (—1)ETET5(0,1 1)

2.2 Duality and matroids

Lemma 2.2.1. Let G be a finite planar graph, and let G* a planar dual to G. Then,
r(GIA®]) =7(G) —n(G*A™]).
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Proof. The equality holds tautologically if A is empty. Now suppose that for
some A C E the equality holds and choose any e € E\ A. Now, G[(A U{e})¢] =
G[A€]\ e and we know that deleting an element drops the rank if and only if
that element is an isthmus, i.e., there was a connected component K of G[A€]
that is disconnected when removing e. Now notice that K is the part of G
that lies in one of the bounded regions determined by G*[A], call it R. Now
removing e disconnects K exactly when adding e* to G*[A*] subdivides R into
two parts, making n(G*[A*]) increase. This concludes the inductive step and
proves the claim. O

Corollary 2.2.2. If G is a finite planar graph and G* a dual to G, then
TG* (X/y) = TG (U/X)-

We can now readily re-prove the analog of Corollary [1.3.10] for general
planar graphs.

Corollary 2.2.3. For any finite planar graph G we have

xa(t) =t ggx (1)

These last results depend on the fact that planar graphs have duals. The
crucial relationship between rank and nullity of primal and dual graphs is
expressed in Lemma From there, recalling the definition of nullity and
the fact that the dual to a planar graph has as many edges as the primal
graph, we can state that the main “feature” of dual graphs is to provide an
interpretation of the quantity

r(GIE\A]) —1(G)+|E\A|

as the rank function of another graph (i.e., as 7(G*[A*])).

Our next goal is to introduce a class of integer-valued functions that in-
cludes rank functions of graphs and that is closed under the above “duality”
operation.

Definition 2.2.4. Given any finite set E and any function 1 : 28 — NN, let us
write
28 5N, 17(A) =7(E\A)—T(E) +|Al

Remark 2.2.5. The operation r — 1* is an involution on the set of all functions
r:2F = N with 7(#) = 0. In fact:

(M) (A) =r"(ENA) =7 (E) +|A|
=1(A)—71(E)+|A|—7(0) +r(E) —|E| + [EN Al =1(A) —7(0) =7(A)

Definition 2.2.6. Let E be a finite set. We call .Z¢ the set of all functions
r:2FE 5N satisfying:
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(r0) for every A CE: 0 < 1(A) < JA[;
(r1) for every A C B C E: r(A) < 1(B);
(r2) forall A,B CE: r(A)+7(B) > r(AUB)+r(ANB).

The elements of .#% are called “matroid rank functions” on E (or just "ma-
troids on the ground set E”).

Remark 2.2.7. Let v be a matroid rank function on the set E and r’ a matroid
rank function on the set E’. We call these matroids isomorphic if there is a
bijection b: E — E/ withr=1"0b.

Theorem 2.2.8. Let E be a finite set. The set .#¢ is closed under duality, i.e., if v is
in Mk sois also .

Proof. Suppose that r satisfies (r0)- (r2) and consider r*.

— 1 satisfies (v0). Let A C E. By (12) applied to A and E\ A and (r0) we
have r(A) +r(E\ A) > r(E), hence with (r1) r(E\ A) —r(E) > —r(A) >
—|A[, thus r*(A) = r(E\ A) —r(E) + |A| > 0. On the other hand, (r1)
applied to E\ A C E gives r(E\ A) —1(E) < 0 and thus r*(A) = (E\
A)—1(E) + Al <AL

— 1 satisfies (r1). Let A C B C E. Then (2) applied to E\ B and B\ A,
together with (r0), gives r(E\B) +r(B\ A) > r(E\ A). With this, we
compute

™ (B) —1"(A) = 1(E\ B) +[B|—1(E\ A) —|A|
> Bl = Al =r(B\A) =[B\A|—71(B\A) >0

where in the last inequality we used (r0) for B\ A.

— 1% satisfies (12). Let A, B C E. We compute directly

T™(A) +1*(B) ENA)—7(E)+|A[4+T(E\B) —(E) +B|

=7
>r((ENA)N(E\B)) + Al +r((ENA)U(E\B)) +|B| —2r(E)
=1(E\ (AUB)) —7(E) +|Al+T(E\ (ANB)) —7(E) + B
=1"(AUB)+1*(ANB)+|A|—|AUB|—|]ANB|+|B|

=0

where the inequality is (r2) for r applied to E\ A and E \ B.
O

Proposition-Definition 2.2.9. Let G be any finite graph on the edge set E and, for
every A C E write, for brevity, rg(A) = v(GI[Al]). Then, rg € 4%, and we call this
the “rank function of the cycle matroid of G”.
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Remark 2.2.10. We distinguish two special rank functions. Call r| the rank
function of the graph consisting of a single loop (so T : 2!¢} — N with 1
constant equal to 0). Moreover, call 11 the rank function of the graph consisting
of a single isthmus (so 77 : 2te} s IN with v ({e}) = 1).

Remark 2.2.11. Lemma says that, for every planar graph G, r§ = rg-«.
The class .#F however contains 1 for all graphs with edge set E. Thus the
notion of duality for matroids extends the planar graph duality to general
finite graphs.

We will prove a more general statement than Proposition-Definition
motivated by the following construction.

Definition 2.2.12. Let G be a finite graph on the edge set E with vertex set V.
For every e € E define a vector we € (IF,)V as follows. For every v € V let

oy { 1 iE1(e) £ t(e) and v € {hie), t(e)
Welvi=1 0 otherwise

Lemma 2.2.13. Let G be any finite graph with edge set € and recall Definition
A given A C E contains a cycle if and only if the set {wq | a € A} is linearly
dependent over [F,.

Proof. Any [Fy-linear dependence in {wq}qeca is of the form } ;.pw; =0
for some D C A, and this means that every component of the sum } ;.pw;
contains an even number of 1s. The parity of the number of 1s in the v-th
component is equivalent modulo 2 to the degree of the vertex v in G[D], and
thus linear dependencies in {wq}qeca correspond to subgraphs of G[A] with
all-even degrees. Now the claim follows with Exercise where it is proved
that A C E contains a cycle if and only if G[A] contains a subgraph G[D] with
all degrees even. O

Corollary 2.2.14. Let G be any finite graph with edge set E and recall Defini-
tion |2.2.12} Then, for every A C E we have

1G(A) = dimg, span{wq | a € A}.

Proof. The corollary follows by noting that rg(A) is the size of any maximal
cycle-free subset of A which, via the previous lemma, is exactly the size of a
maximal linear independent subset of {wq}qca. O

Theorem 2.2.15. Let E be any finite set, n € IN and let K be any field. Consider
an E-tuple of vectors in the vectorspace K™, i.e., a matrix w € K"™¥E. Then the
function

r:2F 5N, A — dimg span{wq | a € A}

is in the set .#x. We say that the matroid defined by r is representable over the field
K.
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Proof. Properties (r0) and (r1) can be proved immediately from the notion of
dimension of the span of a finite set of vectors. For (r2) let A, B C E and recall
that, for any two subspaces W1, W, of a given finite-dimensional vectorspace,
we have the equality

dim Wj + dim W, = dim(W; N W) + dim(W; UW;)

Property (r2) now follows by applying this equality to W; = span{wq | a € A},
W, = span{wy, | b € B} and noticing that

span{we | e € AUB} C span{wq | a € A}Nspan{wy, | b € B}.
O

We close this section with a discussion of operations on matroids that mim-
ick deletion and contraction of edges in graphs.

Definition 2.2.16. Let r : 2 — IN be a matroid rank function, and let e € E.
We call e a loop of the matroid defined by r if r(e) = 0, and we call e an isthmus
if r(E\e)=7(E)—1.

The rank function of the restriction of the matroid to any A C E, written
T[A], is just the restriction of 1, as a function, to 2A C 2F (e, Tia1(X) = 1(X)
for all X C A). The deletion of A has rank function 1\ 5 := Tg\ o] equal to the
restriction of r to E\ A. The rank function of the contraction of any A C E is

t/a 28V 5 N, 1/ (X) i= 1(XUA) —T(A)

Any matroid that is obtained by a sequence of contractions and deletions
from a given matroid is called a minor of the given matroid.

2.3 Universality
To every matroid rank function r € .#¢ we can associate the Tutte polynomial

T.(x,y) = Z (X_l)T(E]fr(A)(y _1)\A|7r(A]‘
ACE

Remark 2.3.1. T, (x,y) = Tg(x,y) for every graph G, and T« (x,y) = T+ (y, x).
Example 2.3.2. For the two rank functions of Remark [2.2.10| we have
TTI(X/y) =X, TT‘L(X/y) :y

Remark 2.3.3. If r and v/ are isomorphic matroid rank functions, then T, (x,y) =
TT’ (X/ Yy ) .

The deletion-contraction behaviour of Tutte polynomials of graphs that is
inherited from the dichromate generalizes to arbitrary matroids, as follows.
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Proposition 2.3.4. Let v € .#¢ be a matroid rank function and let e € E. If e is
either a loop or an isthmus, Tr(x,y) = Tr g (x,y)Tr\e (x,y). Otherwise,

Lxy) =T (xy) + T . (xy)
Proof. We leave this proof as an exercise. O

Definition 2.3.5. Let .# be a class of matroid( rank function)s that is closed
under minors. A Tutte-Grothendieck invariant on % is any function f defined
on % and with values in a commutative ring R, satisfying

(I) f(r) =f(r’) whenever r and r’ are isomorphic.
(IT) f(r) =f(r\e) +f(r/¢) if € is not a loop nor an isthmus.
() f(r) = f(r(e1)f(r\¢) if € is a loop or an isthmus.

Such an f is called a generalized (o, ) Tutte-Grothendieck invariant for some
o, T € R if it satisfies (I) and (II) as well as the following variation of (II):

(IT") f(r) = of(r\¢) + Tf(r/¢) if € is not a loop nor an isthmus.

Example 2.3.6. The Tutte polynomial is a Tutte-Grothendieck invariant on any
minors-closed class of matroids.

Notation 2.3.7. In the following let .#" denote a class of matroids that is ob-
tained from a minor-closed class by removing the empty matroid (i.e., the one
with E = 0).

Theorem 2.3.8. Let R be a commutative ring and let " be as in Notation
Suppose that f: & — R is any function satisfying (I) always as well as (I1I) and (1)
whenever |E| > 2. Then, forall v € X,

f(r) = Te(f(r), £(rp)).

Proof. For every matroid r € J#, a finite number of applications of (II) and
(III) allows to decompose both sides of the claimed equality into the same
sum of terms associated to matroids with one element, i.e., with |E| = 1. But
in this case either r = r; or r = ;.. The claim now follows with Example
where we see that T, (f(r1), f(r1)) = f(rp) and T (f(r1), f(rr)) = f(r1). O

A similar argument proves the following universality result for generalized
Tutte-Grothendieck invariants.

Theorem 2.3.9. Let o and T be non-zero elements of a field IF. Then there is a unique
(o, T)-generalized Tutte-Grothendieck invariant f on ¢ with values in F[x,yl and
such that f(r1) =x, f(r1) =vy. This f is given explicitly by

f(r) = ol BT (B () (X Y 2.3)
T O
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Proof. One checks explicitly that the right-hand side of Equation is indeed
a generalized (o, T) Tutte-Grothendieck invariant. Le., for (I') let e € E be
neither an isthmus nor a loop, so that 7(E) = 1\.(E") = 1,.(E’) + 1, where we
write E/ := E\ e. Then,

. {U|E'|—r/e(E'JTr/e(E'JT%(2,E)} g {U|E'|—r\e(E'JTr\e(E')Tr\e(§ E)}

_ X X _
— lEI=T(E) (T (E) (Tr/e(;,%HTr\e(ag)) = GlEI=T(B)r(B) /%)

We leave the verification of (Ill) as an exercise. The uniqueness part of the
claim follows as in the proof of Theorem O

Example 2.3.10. We have seen that, on the class %" of nonempty graphic ma-
troids, the modular flow function is a (—1,1)-generalized Tutte-Grothendieck
invariant, with value 0 on 1 and value k — 1 on 1. The universality theorem
gives us then directly @(t) = (—1)IEI="(B)T.(0,1 —t), and thus the expression
in Theorem

Exercises 11

II.1 Compute the Tutte polynomial of the graph in Figure 9] Check your
computation against the results you obtained in Exercise

II.2 Show that the graphs in Figure [I| have the same Tutte polynomial but
that the associated matroids are not isomorphic (i.e., there is no bijection
between the edges of the two that preserves rank).

Figure 1

II.3 Let r be the rank function of a matroid on the set E and let A C E. Prove
that the dual of the contraction of A equals the deletion of A from the
dual (i.e., prove that (r,4)* = (v*)\ A)-
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IL.4 Prove Proposition [2.3.4]

IL5 In analogy with the case of graphs, define the characteristic polynomial of
a given matroid r as X, (t) := (—1)" (BT (1 —1,0).
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Chapter 3

Geometric lattices and
arrangements of hyperplanes

3.1 Arrangements of hyperplanes

Definition 3.1.1. Let V be vectorspace of finite dimension d. An arrangement
of hyperplanes in V is a finite set

ﬂI:{H1,...,Hn}

of codimension 1 linear subspaces of V. The poset of intersections of </ is the

set
L(e) = { (Hi|IC [n}}

ordered by reverse inclusion: X < Yif and only if X D Y.

Example 3.1.2. Let & be the arrengement in IR® consisting of the four planes
a:{x=0}, B:ly=0} v:{x=y} &:{z=0}

depicted in Figure Il Then £(</) is the poset represented on the rh.s. of

Figure

A classical question is the following: given an arrangement of hyperplanes
&/ in R™, how many regions are cut out of R™ by «/?

In order to treat this question via the universality of Tutte polynomials, let
us set up some theory.

Definition 3.1.3. A partially ordered set P is a lattice if, for any two elements
p,q€EP,
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Figure 1

e the subposet P>, NP of all upper bounds to p and q has a unique
minimal element - called join of p and q and denoted p V ¢, and

e the subposet P, N P<q of all lower bounds to p and q has a unique
maximal element - called meet of p and q and denoted p A q.

Notice that every finite lattice must have a unique minimal element (de-
noted by 0) and a unique maximal element (written 1).

Definition 3.1.4. Let P be a poset with a unique minimal element 0 (we call P
“bounded below”). Then the atoms of P are the elements of the set

A(P):={peP|p>0.
Recall that every finite lattice has a unique minimal element.
Definition 3.1.5. Let L be a finite lattice. We call L geometric if, for all x,y € L:
(G) x <y if and only if there is p € A(L), p £ x, such thaty =x V p.

Example 3.1.6. Unique least upper bounds exist in £(&) (for X,Y € L(<7) take
XVY :=XnNY). Moreover, since £(4/) is finite, this implies that also unique
greater lower bounds exist (take XAY :=V{Z € L(&) | Z < X,Z < Y}). Thus,
L(4/) is a finite lattice.

Now, the atoms of £(47) are exactly the elements of <7, i.e., the hyper-
planes. The other nontrivial elements of £(./) are subspaces of V obtained as
intersections of the hyperplanes. Notice here that if W is any linear sub-
space and H is any hyperplane, the codimension of HN W either equals
that of W (namely if H O W) or else it surpasses it by one. Therefore, for
Wi, W, € L(o/), we have Wi < W, if and only if W, = W; NH for some
H 2 W (ie, W, = W1V H for some H € A(L(¢7)), H £ Wj). In summary,
we see that if ./ is an arrangement of hyperplanes, then £(.%7) is a geometric
lattice.
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3.2 Matroids from geometric lattices

In what follows we will derive from the definition some properties of a ge-
ometric lattice that are “intuitively evident” for intersection posets of hyper-
plane arrangements. One of these properties is that intersection posets come
with a function that assigns to every intersection its codimension as a sub-
space of V, and this function increases exactly by one along every covering
relation. We say that intersection posets are ranked. More generally, we have
the following definition.

Definition 3.2.1. Let P be a poset. A rank function for P is a function p : P — IN
such that

(1) p(x) = 0if x is a minimal element in P,
(i) p(x)+1=0p(y)if x<yin P.
Remark 3.2.2. Notice that, if a bounded-below poset admits a rank function,

then this function is unique.

Before going forward, let us establish that the length of a chain w = {xp <
... < XxJ in a partially ordered set P is £(w) = |w|—1 = k. The length of the
poset {(P) then is the maximum length of any chain in P.

Lemma 3.2.3. In a geometric lattice any two maximal chains between the same ele-
ments have the same length.

Proof. Let L be a geometric lattice. We prove by induction the following state-
ment (note that in this proof, given a,b € L, an (a, b)-chain is any chain in L
of the form a =xp < x{ < ... <xK =b).

(xt) For all a,b € L, if one maximal (a,b)-chain has length t, then all of them do.

The premise of () can only be satisfied if a < b. In this case there is only
one maximal (a, b)-chain, hence (1) holds.
Then let t > 2 and suppose that (x;) holds for all r < t. Consider two
maximal (a, b)-chains
a=cp<cyi<...<ct=Db a=dyp<d;<...<ds =b.
Now, if ¢; = d;, then by induction hypothesis all maximal (cj, b)-chains have
t — 1 elements, hence s = t and we are done.
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Suppose then ¢; # di. By property (G) we can A
find x,y € A(L) with ¢y = aVx, dy = aVy. If e
x < dj (resp. y < c1) we would have ¢; < d
(resp. d; < c¢1), reaching a contradiction; hence, [N
x £ dj (resp. y ¥ c1). Again by (G), we compute \
cqVd=aVxVy>dycy.

Now, by induction hypothesis applied to (cy,b),
every maximal (cj,b)-chain has length t —1, and

in particular every maximal (c; V dj, b)-chain has &
length t — 2. In the same way, induction hypothesis
applied to (dj, b) gives that every (c; V' di, b)-chain

has length s —2. We conclude s = t, and (*¢) holds.

Corollary 3.2.4. Every geometric lattice admits a rank function.

Proof. Given a geometric lattice L a rank function is given by choosing, for
every x € L,

p(x) := length of any maximal chain from 0 to x. (3.1)

Lemma Lemma ensures that this is well-defined, and one readily checks
that the conditions of Definition are satisfied. O

Corollary 3.2.5. Let L be a geometric lattice with rank function p. For every X C
A(L) we have p(VX) < #X.

Proof. First notice that by uniqueness of the rank function we know that p can
be expressed as in Equation (3.1). Induction on the cardinality of X. If X = 0,
p(VX) = p(0) = 0 and the claim holds.

If #X > 0, choose x € X and notice that either V(X \ {x}) = VX (when
x < V(X\{x})) or, by (G), V(X\{x}) < VX. In any case, a maximal chain from 0
to VX can be obtained by adding at most one new element to a maximal chain
from 0 to V(X \{x}). Therefore, p(VX) < p(V(X\{x})) +1 and by induction
hypothesis this is at most #X. O

Lemma 3.2.6. Let L be a geometric lattice and p itsﬂ rank function. Then, for all
x,yel,
p(x) +p(y) = p(xAy) +p(x Vy).
Proof. Consider z := x Ay and any saturated chain z = zg <21, <z, <+ <
zx =Y. Then,
k=p(y) —p(xAy). 8.2)

By (G) we can choose atoms ay, ..., ax so that a; < zi, a; € zi—1 and z; =
zi_1Vaforalli=1,..., k.

1Unique by Remark
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Define now elements wy, ..., Wy by setting wyp = x and w; = w1V a4
for all i > 1. Notice thatwy =xVa;V...Vax =xVzVa V...Vag =xVy.
Then, by (G) we have either w; = w;j_; or wi_1 <w; for all i, so that
k = p(wy) —p(wp) = p(x Vy) — p(x) and the claim follows by recalling Equa-
tion (3.2). O

We have proved the following.

Proposition 3.2.7. Let E be a finite set and let £ C 2 a family of subsets of E,
partially ordered by inclusion and such that E € L. Suppose further that L is a
geometric lattice with rank function p.

Then for every X C E there is a unique minimal X' in £ such that X C X', and
the extension v of p on 2F given by r(X) := p(X') is a matroid rank function.

Proof. Axiom (rl) is trivially satisfied. For Axiom (r0) notice first that p is
never negative by definition. Moreover, given X C E we can consider the
family A4, ..., Ay of all atoms of £ whose intersection with X is not contained
in the minimal element B of £. Then surely k < [X|, and

X cBU| JAi = A,
i i

the second equality because B C A; for all i. In particular, we have X" < \/; A;
in £, and by Corollary B.2.5 p(\/; Ai) < k. Thus r(X) = p(X’) < k < [X| as
desired.

We now turn to Axiom (r2). First notice that, trivially, X’ AY’ > (XNY)".
By definition, X"V Y’ is the minimal element of £ containing X’ and Y’, while
(XUY)’ is the minimal element of £ containing X and Y. Since X C X’ and
Y C Y/, we have X’ VY’ > (XUY)'. With the trivial inequality X’ VY’ <
(XUY)’ we obtain X' VY’ = (XUY)".

Now using Lemma and the monotony of p we can write

r(X) +1(Y) € p(X) +p(Y')
> p(X'AY) +pX'VY) = p((XNY)) +p((XUY))
L XNY) +r(XUY)
O

Corollary 3.2.8. Given any (abstract) geometric semilattice £, we can associate to
every x € L the set A(x) of all atoms of £ below x. Then, £ is isomorphic to the set
L' :={A(x) | x € L} ordered by inclusion (since x <y if and only if A(x) C A(y)).
The matroid constructed from the proposition, then, has the set A(L) of all atoms as a
ground set and rank function given by v(X) = p(\VX) for all X C A(L). This matroid
has no loops, and it is referred to as the "simple matroid associated to L.
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Example 3.2.9. Let us consider the geometric lattice from Figure[l| The set of
atoms is {«, 3,7, 8}, and the associated geometric lattice £’ in Corollary
is as follows.

- - ~ -

By (a8 (8,5) v, 8}

_ {(xl B/y/ 6} -

~_ N /-

0

The claim of Corollary is then that this is the lattice of flats of a
matroid on E = {«, 3,7, 6} with rank function given by r(A) = [A| if [A| < 2,
r{x, B,v}) =2, and r(A) =3 for all A with A #{«, B,v}and |A| > 3.

3.3 Geometric lattices from matroids

We aim at a “converse” of Proposition constructing a geometric lattice
for every given matroid.

Definition 3.3.1. Let E be a finite set and r: 2F — IN a matroid rank function.
Define a closure operator

c:2F 528 X {eeE|r(XUe) =1(X)).

Call X C E closed if X = cl(X), and let £, be the poset of all closed sets ordered
by inclusion (i.e., for F,F’ € £, we have F < F/if F C F/).

Example 3.3.2.

1238 & 5 (‘Eé\ ! a/? A
G)‘. 2 / \ LT ; //N
3‘ Z L2 hn3d sy 3
l \\ PRI v

Example 3.3.3. Consider the rank function r : 214 5 N defined by r(X) =1
if X| € 1 and r(X) = 2 otherwise. One can check that this is a matroid rank
function - it is called “uniform of rank 2 on 4 elements”. The associated poset of
flats is depicted below.
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\\\s é///

0

Our next goal is to prove that, in general, £ is a geometric lattice.
Remark 3.3.4.

)
@)

®)

4)

For all X C E we have obviously X C cl(X).

For all X C E, r(cl(X)) = r(X).

Proof. Let Y := cl(X) \ X. We prove that (XUY’) = r(X) forall Y/ C Y,
by induction on k := [Y’|.

The case k = 1 holds by definition of “y € cl(X)”.

For k > 1, assume that the claim holds for smaller sizes of Y/, and choose
y1,Y2 € Y. Then

20(X) " (XU Y\ fyr}) + (XU Y)\ {y2))

T(XUY) +r(XUY '\ {y1,y2})

Vi W

T(X) 4+ 1(X)
and equality must hold throughout. Thus, r(X) = r(XUY’).

For all X C E, cl(X) = maxc{Y 2 X[ r(Y) =r(X)}.

Proof. LetT :={Y 2 X | r(X) = r(Y)}. By (1) and (2) above we have
cl(X) € T. It is now enough to prove that Y C cI(X) forall Y € T".

To this end, take Y € I" and, for any y € Y compute r(X) < r(XU{y}) <

1(Y) = v(X) (the last equality because Y € T'), hence (XU {y}) = r(X),
thus y € cl(X). We conclude Y C cl(X) as desired.

Forall X CY CE, cl(X) C cl(Y).
Proof. Clear from (3).

Lemma 3.3.5. Let v be a matroid rank function. Then, meet and join of every F1,Fp €
L exist. In fact,

(1)
(2)

FiVFE =d(FfUR)

FiAF, =F Nk

In particular, L+ is a lattice.

Proof.

34



(1) By definition of the ordering, every element of (£+)>f, N (L+)>F, must
contain F; UF,. But by the definition of the closure operator, cl(F; UF,)
is the (unique) smallest closed set containing F; U F.

(2) It is enough to prove that Fy NF; is closed, i.e., that cl(F{ NFy) = F; NF,.
We do this next.

D This inclusion is clear (see Remark (1)).
C For every e € cl(F; NFy) we have v((F1 NFy) U{e}) = r(F1 NFy).
Hence:
(r3)
T((FyNF)ufel) +r(F) > v(Fpu{el) +r(FrNFyor (Fr NF2) U{e})
|
=r(F1NF2)

= T(Fl U{e}) + T'(F] N Fz)

and we conclude r(Fy) = r(F; U{e}), hence e € F;.
Analogously we prove e € Fp, hence e € F; N Fy.

O

Remark 3.3.6. If X < Y in L, then 7(X) < r(Y). Otherwise, by r2 we would
have r(X) = r(Y) and by definition of closure Y C cl(X) = X, proving X =Y.

Proposition 3.3.7. For any F1,Fy € L+, (G) holds. Le.,
Fi<F < dP e A(Lr), P 7<\ Fi, st. F, =F VP.
Proof.

< Let P be as in the claim. Since P is an atom, P = cl({e}) for some element
e € E and, since P £ Fy, by Remark (4) it must be e € E\ F;. Now
we can write F, using Lemma as

Fo, =F, VP =c(F UP) =cl(F U{e})

and we have
T(F1) +r({e}) = r(0) +r(Fy U{e}).

Now, r({e}) = r(cl(e)) and since P = cl(e) has rank 1, r(e) = 1. Thus
T(F2) =r(Fu{e}) <v(F)+1

Moreover, since F; is closed and e ¢ F; we have r(F; U{e}) > r(F;), and
we conclude that r(Fp) = r(F1) + 1.

Now by Remark any Z € Ly, F| < Z < F, would force r(Fp) >
1(F1) + 2, hence a contradiction. We conclude F; < F.
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= F; < F, implies F; C F, and so we can choose e € F, \ F;. Then r({e}) =1
since otherwise e is in the closure of every flat, in particular we would
have e € Fy. It follows that P := cl({e}) is an atom of £, and P < F; by
Remark [3.3.4/(1). Now define

F:=F; VP =cl(F U{e}).
Then the following claim concludes the proof.

Claim. F, = F.
Proof. We have
T(F) > r(F) +1=r(F). (3.3)

The inequality holds since F O F; U{e}, F; is closed and e ¢ Fy, the
equality is immediate since F; < Fj.

Now since F; U{e} C F, Remark [3.3.4}(1) implies F C F,. Together
with Equation this shows F = F,.

O

Theorem 3.3.8. Let v be any matroid rank function. Then the poset L is a geometric
lattice whose rank function p satisfies p(F) = r(F) for every F € L.

Proof. That L. is a geometric lattice follows from Lemma and Proposi-
tion For the claim about rank consider any F € £, and let 0 < F; <... <
Fr = F be a maximal chain below F. Then, p(F) = k.

Choose atoms A, ..., Ay with F; = F;_1 V A4 for all i. Since every F;_1 is
closed and A; Z F;_1, we must have

T(Fiz1) > r(Fiq1 UA) =7(Fy) (34)
(the last equality by Lemma (1)). On the other hand, (r2) implies
T(Fio1) +71(A) = r(Fi1 DAY +1(Fiq UAL) = 1(Fy) (3.5)
W\—/
=0

and since 7(A;) = 1 from Equations and we conclude T(F;) =
r(Fi_1) + 1, thus r(X) = r(Fx) = k = p(X).
O
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3.4 Interlude: Arrangements

At this stage we have two, a priori different, rank functions associated to an
arrangement &/ = {Hy, ..., Hy} of hyperplanes:

e The rank function ri,; of the simple matroid associated to the geometric
lattice £(47) as in Corollary

et 2™ SN, I p (\/ Hi>

iel

e The rank function rqep obtained via Theorem [2.2.15( from the [n]-tuple
of vectors {ny,...,nm}, where n; is any choice of normal vector for the
hyperplane H;:

Tdep 2ml s N, 1+~ dim span{v; |1 € I}.

Our next goal is to show that they are the same.
Lemma 3.4.1. For every intersection X € L(</) we have p(X) = codim X

Proof. By definition p(X) = k means that k is the length of a maximal chain
0<X;<---<Xg =X. Now consider the subspaces Xj. By property (G),
every X;j is of the form X;_; N H; for some atom H; of £(<7) (i.e., hyperplane
in o) with Hy € Xi;_1 (e, Hi 2 Xj_1). Notice that the latter implies that
Xi_1 +H; = RY, the ambient space. Now, elementary linear algebra tells us
that

dim(X;_1 NHy) +dim(X;_1 + Hi) = dim(X;_1) + dim(H;)

and thus dim(X;) = dim(X;_1) — 1. Therefore, X has dimension k less than
0 = RY, and the proof is complete. O

Proposition 3.4.2.
Tlat = Tdep-

Proof. Let I C [m] and write X := \/;c; Hi = ;< Hi Then, with Lemma [3.4.7]
we know that 1,:(I) = p(X) = codim(X). On the other hand, rdep( I) equals
the rank of the d x |I| matrix M whose columns are v; for 1 in I. Now, X is the
subspace of all points that are orthogonal to each v;, i € I, and therefore X =
ker M. Now, again by elementary linear algebra we know that dimker M =
d —rank M. We summarize and conclude

rdep(I) =rankM = d —dimker M = d — dim X = codim(X) = r,(I)

37



3.5 Minors

Proposition 3.5.1. Let r be the rank function of a matroid on E and let e € E.
Call dl, cl\e, cl /e the closure operators associated to v, its deletion and contraction
respectively. Then, for every A C E\ e we have

(1) cl\(A) = cl(A)\{e}
(2) clje(A) =cl(AU{e}) \{e}

Proof. For item (1) we have that cl\.(A) is the set of all x € E\ e such that
T e(AUX) =1\¢(A). The claim follows by noticing that 1\, =T on E\ e.

For item (2) notice that cl,.(A) is the set of all x € E\ e such that r,.(A U

x) =71/.(A), i.e.,, such that r(AUxUe) —r(e) = r(AUe) —7(e). This equality
clearly holds if and only if x € cl(A Ue). Since x # e, claim (2) is proved.

O

Theorem 3.5.2. Let v be the rank function of a matroid on the ground set E and let
e € E. Then, Lv_ is the sublattice of £ generated by the joins of all x € E\ e, and

Lo 2 (Lr)zd(e)-

Proof. Exercise. O

3.6 Dissection theory

Let <7 be an arrangement of hyperplanes in RY and let £(.<7) be the associated
geometric lattice of intersections. If we denote by 1, the rank function of the
matroid defined by £(.<7) (or, equivalently, by the dependency relations of the
normal vectors), we obtain a function

T:Arr —» Mat, o 71y

from arrangements to matroids.

Now call R(«) the set of chambers of &7 (so R(/) = my(R% \ U«)). Our
aim will be to apply matroid theory and the universality of the Tutte polyno-
mial in order to give a formula for computing |R(.%7)|.

For any given H € & consider @4y = & \{H} and o™ = {H'nH |
H’ € aq}. We see that the regions of </ H are “walls” that bisect some of
the chambers of 2. In fact, for every chamber of <4, that is subdivided in
passing to <7 there is exactly one chamber of <7 that performs this "cut". We
have shown that

[R()| = [R( )] + |R(A)]. (3.6)
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Lemma 3.6.1.
(1) L(ahy) is the sublattice of L(.a7) generated by the set of atoms o7/ \ {H}.
2) L(™) ~ L(A)sn.
Proof. Exercise. O

Now notice that o7 = {H} if and only if £, = {6 < T} , and in that case
|R(«7)| = 2 — in particular, this number only depends on the isomorphism
type of £,. With Equation and Lemma we see that this then is true
also for bigger arrangements. Thus, we can write

|R( )| = f(re)

where f : Mat — Z is a function that is constant on every set of matroids
that share the same lattice of flats and that satisfies the deletion-contraction
recursion

() = f(r/¢) + f(rc) (3.7)

Lemma 3.6.2. Let f : Mat — Z be a function that is constant on every set of matroids
that share the same lattice of flats and satisfies Equation (3.7). Then, f(rr) = 0.

Proof. Let v be the rank function of the matroid on E = {a, b} with r({a}) =
r({b}) = r({a,b}) = 1. Its flats are () and E, and so its lattice of flats is isomor-
phic to that of r;. Moreover, v/, =1L, and 1\ = r1. Now Equation gives
f(r1) = f(ry) +f(rp), implying f(r ) = 0 as desired. O

Thus, our f satisfies the definition of a Tutte-Grothendieck invariant in
Z. (for item (III) in Definition [2.3.5| notice Exercise [[I.2| and recall that that
f(r1) =2), with f(rp) = 0 and f(r;) = 2. We conclude immediately that

3.6.1 An example: graphic arrangements

Let G be a loopless graph with edge-set E and set of vertices V. To G is
associated an arrangement <7 in RY with one hyperplane H, for each e € E,
defined via its normal vector n. that we choose as

ne = (0,...,0,1,0,...,0,—1,0,...,0) (3.8)

with nonzero value at entries v and w, where {v, w} = {h(e), t(e)}. Notice that,
identifying edges of the graph with hyperplanes of the arrangement, the rank
function of the graphic matroid derived from G is the same as that derived
from the (lattice of flats of the) arrangement.
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Recall further that, associated to a graph, we have a chromatic polynomial
Xa(t) = (=)"eITg (1-1,0)

where Tg (x,y) is the Tutte polynomial of the (matroid associated to the) graph
G.

By our considerations above, we have that the number of regions of #/; is
IXxg (—1)|. This allows us to easily compute the number of regions of certain
classes of such “graphic arrangements”. For instance, take G = K;,, the com-
plete graph on n vertices. The chromatic polynomial of K, is easy to compute,
and so is the number of regions of the arrangement:

Xk, () =tt=1)(t=2)...(t—m+1),  [R(o,)I=Ixx,(=DI=n!

You might recall from Coxeter theory that this is no coincidence — in fact,
2k, is the set of reflecting hyperplanes of the standard linear representation
of the symmetric group (or: Coxeter group of type A, _1), and the chambers
are in bijection with the elements of the group... of which there are exactly n!.

Question. Can we treat in the same way the other finite Coxeter types?

Exercises II1I

III.1 Let r be the rank function of a matroid on E and suppose that e is a loop
of this matroid. Prove that e is contained in every flat.

III.2 Let r be the rank function of a matroid on E and suppose that e is an
isthmus of this matroid. Prove that the lattice of flats of r /. and T\ are
isomorphic.

I3 Let d,n € IN, d < n. The uniform matroid U, 4 of rank d on n elements
has ground set [n] and rank function defined by

(Al ifIAl<d
T(A) _{ d otherwise

Prove that the dual to Uy, g is Uy n—g-

II1.4 Let </ be the arrangement of four hyperplanes Hy, Hp, H3, Hy in R? with
equations:

Hi:x+y=0Hy:x=0,H3:y=0,Hg:x—y =0

Draw a picture of this arrangement and of the Hasse diagram of £(./).
Compute the Tutte polynomial of the associated matroid and verify the
formula for the number of regions of # in this case.
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IIL.5

IIL.6

Consider the graph

Draw the Hasse diagram of the lattice of flats of the associated matroid.
Compute the Tutte polynomial and the number of regions of the associ-
ated graphic arrangement. Check it with a sketch of the arrangement (it
is an arrangement in R*, but all hyperplanes contain the line ¢ in direc-
tion (1,1,1), thus by quotienting by { one can attempt a 3-dimensional
sketch.

Let £ be a finite geometric lattice. The Mobius function of £ is the func-
tion p: £ — IN defined via the following recursion:

-~

u(0) =1, and Z n(y) =0forallx € L_;.
y<x

e Compute u for the geometric lattice £ in Example and find an
interpretation of the sum ) . [u(x)| in this case.

o Compute the values of u for the poset of Example3.3.2Jand consider
the numbers you obtain by summing those values over every rank-
level of the poset. Then compute the chromatic polynomial of the
graph of the same example. What do you notice?

o Let now £ be any geometric lattice. Prove that, for all x € £,

n =3 (-1

SCA(L)
VS=x

where the sum is over all sets S of atoms of £ whose join equals x.
(Hint: prove that u(x) and the expression on the r.-h.s. satisfy the
same recursion).

o Let 1 be the rank function of a matroid with ground set E that has
no loops. Show that
M(1-1,0) = (-1 E p(F)tr(E)=r(F)

Fely

[Hint: use the previous item in this exercise.]

e Prove that, for every arrangement of hyperplanes <7, the number
of regions determined by &/ equals } . (o) [n(x)]-
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e Prove that for every graph G on n vertices the chromatic polyno-
mial of G equals

T(G)
XG(t) = (—1)TEeC) 3 (L0t
i=0

where for a geometric lattice £ with rank function p we write
ui (L) = Zp(x):i u(x) for the sum of the values of p on all ele-
ments of £ of rank 1.

Check this formula with the lattice of Exercise [[IL.5
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Chapter 4
Signed graphs

4.1 Definition

A loopless signed graph is, roughly speaking, a graph with two kinds of edges
(“standard” and “half-” edges) and a “sign” associated to every edge.
Formally we will think of a tuple

I=(Go), G=(V,Eh:E=V,t:Er —>V), o0:E — {+}

where E; C E is the set of all “regular” edges, while E; , := E\ E; is the set
of half-edges. We will only need to consider loopless graphs, thus we assume
[V(e)]=2forall e € E;.

Note that o labels every edge with a sign + or —. Therefore every trail has
a sign as well, obtained as the product of the signs of all its edges. A circuit is
called balanced if its sign +, unbalanced otherwise. A connected component of
a signed graph is called balanced if every circuit in it is balanced, unbalanced
otherwise. For every A C E we call b(A) the number of balanced connected
components of the restriction of the signed graph on the set A (as in the un-
signed case, this is the graph with same vertex set V but only the edges in
A).
Remark 4.1.1. In particular, any cycle in a balanced component of a signed
graph has positive sign. This is easy to see by noticing that a cycle decomposes
as a disjoint union of circuits (each with positive sign) and "repeated" edges
(and the product of two negatives is a positive).

Lemma 4.1.2. Let p1, pa be two paths with the same endpoints in a balanced com-
ponent of a signed graph. Then the product of the signs of the edges of p1 equals the
product of the signs of the edges of py.

Proof. The sign of the union of p; and p; is by definition the product of the
signs of the two paths. But this union is a cycle which must have positive sign
by the preceding remark. The claim follows. O
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4.2 Coloring

Let k € N and let [[k]] :={—k,—k+1,...,0,1,...,k}. A k-coloring of a loopless
signed graph X is an assignment y : V — [[k]] such that:

(i) v(h(e)) # ole)y(t(e)) forall e € Ey,
(ii) y(h(e)) #0 forall e € Eq 5.

As in the case of unsigned graphs, we call precoloring any function V — [[kl]
and, given any A C E, we define the set of precoloring which fail to satisfy
the constraints imposed by the edges in A:

v(h(e)) = o(e)y(t(e)) foree ANEy,
v(h(e)) =0 forec E; nNA }

Pres (A) := {y 2V = [[K]] ’

Then any v € Pres(A) must have constant value across every connected
component of G[A]. Moreover, notice that every unbalanced component of
G[A] must contain an unbalanced cycle, say with sequence of edges-vertices
Vo, €1, V1 --.,€m,Vm = Vo, and we have

Y(vo) = oler)y(vi) =... =aler) - - olem)y(vm) = —v(vo),

the last equality because vy, = vy and the cycle is unbalanced. In particular,
Y(vo) = 0 and thus vy must be 0 across every unbalanced component of A.

Since the (constant) value of y on any balanced connected component of
G[A] can be chosen freely, we conclude that

|Pres (A)] = (2k +1)°A),

Just as in the case of unsigned graphs, applying inclusion-exclusion on the
family of all subsets of E we obtain that the function xs(t) that for odd t

counts the number of @-colorings of I can be written

xe(t)= ) (~1)AReA
ACE

and is therefore a polynomial.

Coup de théatre: we'll show next that this is in fact, up to a factor, the charac-
teristic polynomial of a matroid!

4.3 Matroids

Definition 4.3.1. Let X be a (loopless) signed graph on n vertices. Define a
function
ry i 2F SN, A—T15s(A):=n—Db(A)
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Theorem 4.3.2. The function v5 is the rank function of a matroid on E.

Proof. We will verify the rank axioms, but first a general observation.

G.O.

0

Tl

T2

When adding an edge to a signed graph X, the number of balanced com-
ponents can drop in two ways: either ome balanced component becomes
unbalanced (i.e., by adding a half-edge, by adding an edge that creates
an unbalanced cycle or by joining a balanced component with an unbal-
anced one) or two balanced components are joined via the new edge to
one bigger balanced component . In any case the number of balanced
components either stays the same or it decreases at most by one, i.e,

rr(A) <r(AU{el) <rz(A)+1 (4.1)

Clearly v is never negative. In order to prove that ry(A) < |A| for all
A C E, start with the graph Zy on V and with no edges: here every
vertex is its own (balanced!) component. Therefore rs () =n—n = 0.
Now add the edges in A to Ly one by one. By the G.O., the number
of balanced components decreases at most by one at each step, thus
the rank increases at most by one at each step (second inequality in
Equation ). Thus, rs (A) < |A| as required.

Obviously it is enough to show that rs(A) < rz(AU{e}) forall A C E
and all e. But this is implied directly from the G.O. above (first inequality

of Equation (4.1)).

Here it is enough to show axiom 12 for the case where X = A U{e} and
Y = A U{f}, for any given A C E and e, f € E (see Exercise|[V.1). In this
case we have to show

rr(AU{e f}) —rs (AU{f}) <rz(AU{e}) —rz(A).

Now, if the right-hand side equals 1 then the inequality holds trivially,
since by (r1) the left-hand side is at most 1.

Suppose then that vz (A U{e}) = rz(A) - in particular, if e has one end
in a balanced component, then it must be a regular edge with both ends
in the same balanced component of A. By way of contradiction, suppose
now that ry (A U{e, f}) — rs (A U{f}) = 1. The latter means that the num-
ber of balanced components changes by adding e to A U{f}. By the G.O.,
this means that either

(1) e connects two balanced components of A U{f} — a contradiction
because both ends of e are in the same component of A, and a
fortiori of AU, or

(2) e “closes” an unbalanced circuit C in a balanced component of
A U{f}. But this can only happen if C also contains f. Now, if f

45



connects two balanced components of A, then e would, too —a con-
tradiction. So the two ends of f lie in the same balanced component
of A and (by the connectedness of this component) are connected
by a path p whose sign agrees with that of f (by Lemma [£.1.2).
Now we can replace f by p in C and obtain a closed, unbalanced
cycle containing e in A U e, thus e “closes” an unbalanced cycle in
a balanced component of X[A], contradicting the assumption.

In all possible cases we reached a contradiction and the desired inequal-
ity is proved.

O

4.4 Arrangements from signed graphs

We now show that the matroid defined by rs is in fact obtainable as the
matroid of linear dependencies of a set of vectors.

Definition 4.4.1. Let X be a loopless signed graph on the vertex set V with set
of edges E. For each edge e € E define a vector me € RV as follows:

1 if v="h(e)
(Me)v = ole)(—1) ifv=t(e)
0 otherwise.

In particular, if e € Ey /, the vector m. has only one nonzero component.
Let My the V x E matrix with columns m. and, for every A C E, let M s [A]
denote the matrix constructed with only the columns indexed by A.

The following theorem states that rs is the rank function of the matroid
obtained as in Theorem [2.2.15|from the vectors m. where e ranges over E.

Theorem 4.4.2. For every A C E, r5(A) = rank M [A].
The proof will use the following lemma.

Lemma 4.4.3. Let L be a connected signed graph on n vertices. Then rank Mz =
n —1if X is balanced, and rank My = n otherwise.

Proof. Let T be a set of regular (non-half) edges that is a spanning tree of X.
We can suppose without loss of generality that, if £ has half-edges, then one
half-edge is attached to a leaf vo of T. Then T has size n — 1 and we can order
the vertices of ~ beginning with vy, and continuing in such a way that, for all
i, the subgraph of T induced by the vertices vy, ...,v; is connected. Then the
matrix My with the rows ordered this way can be written as follows (where
the first row is only present in case vy has a half-edges attached to it)
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(1) =1 * x .- * % *
0) +£1 =« * *
(0) 0 =+1 * * *
(0) 0 0 +1 . * *
(0) 0 e 0 £1 * -+ =«

and it has clearly rank at least n — 1. Since My has n rows, its rank is
at most n. Now, it is enough to show the following, which we leave as an
exercise.

o If ¥ is balanced, then the parenthesized column is not present and every
me, for e € T, is a linear combination of the set {m |t € T}. (Hint: for
every such e consider the (unique) circuit contained in T U {e}.

e If ~ is not balanced, then either it has an half-edge, in which case the
parenthesized column is present and so the matix has rank n, or there
is no half-edge. In this last case, there is an e € E\ T that is linearly
independent from {m¢ |t € T}

O

Proof of Theorem [4.4.2} First notice that My [A] is the matrix associated to the
restriction of X to the edge-set A. Therefore, it is enough to prove the claim
for A = E, i.e,, we have to prove that rank My = rz(E). Moreover, if ¥ is
disconnected we can let Vi, ..., Vi and Ay, ..., Ay be the vertex sets, resp. the
edge sets of the connected components, and we see that the matrix My has
block-diagonal form

Ay Ay o A
vi (Mg, 0 0 0
Vv, 0 Mg, 0 O

0 0o . 0

Vi 0 0 0 Mg,

showing that rank My = ) ;rank My, where Z; is the signed graph on
the vertex set V; with (signed) edges A;. On the other hand, writing n; = |V;]
and setting b; =1 if X; is balanced and b; = 0 otherwise, we have that

Y rr(A) =) (mi—b(A))) =) (ni—b;)=n—b(E) =rx(E).

i i

Therefore, it is enough to prove the claim for X connected. This has been done
precisely in Lemma O
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The Tutte polynomial of the matroid rs is of course related to the chro-
matic polynomial xs.

Lemma 4.4.4. Let X be a loopless signed graph. Then
xz(t) = ()™M ET (1-1,0)
Proof. Direct computation:

Tre(1-1,0) = Z (—t)(M—B(E))=(n=b(A))(_q)lAl=(n=b(A))
ACE

= () bE) YT (L) AlbIA)
ACE

4.5 Arrangements associated to root systems

For every fixed dimension d there are only a finite number of finite (irre-
ducible) groups of isometries of RY generated by reflections. Those are the
(irreducible) finite Coxeter groups, and their theory is a mainstay of algebra
and geometry since its bases were laid by H.S.M. Coxetelﬂ in the mid- 20.
Century.

The classification of (irreducible) finite Coxeter groups identifies in ev-
ery dimension one representative of each of four infinite families (indexed
by An, Bn, Cn, Dn) and, in some (low) dimensions, a finite number of
sporadic cases. One way to specify one of these groups, say G, is to give
all isometries f € G that are reﬂection - by definition, these generate the
group G. Now, a (orthogonal) reflection f is fully specified by its fixed space
fix(f) = {x € R9 | f(x) = x}. Note that if f is a reflection, then fix(f) is a
hyperplane in R9. Therefore, G is given by the associated “arrangement of
reflection hyperplanes". The arrangements that arise this way are explicitly
listed, e.g., by means of a choice of their normal vectors. The set of normal
vectors is usually referred to as the set of (positive) roots of the corresponding
Coxeter groupﬁ (The word “positive” is there because root systems contain
the opposite of each root, but opposite vectors define the same hyperplane.)
Notice that the group acts freely and transitively on the set of regions of the
corresponding arrangement, so there are as many regions as there are group
elements.

We list here a set of normal vectors for the hyperplane arrangements of the
four infinite families. We use the notation €; to denote the i-th standard basis

Thttps://en.wikipedia.org/wiki/Harold_Scott_MacDonald_Coxeter
2 A reflection
3See for instance Bourbaki
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vector in R™, so €; has all components equal to 0 except the i-th component
being equal to 1.

An_lﬁ The vectors €; —¢j in R™ forn >i>j>1

WV

Bn: The vectors €; —¢j aswell as €; + €5 and ¢ in R™" forn >i>j>1

Cn: The vectors e; — €5 as well as €; + €5 and 2¢; in R™ forn >1>j > 1
Dn: The vectors €; —¢jand €; + ¢ in R forn >i>j>1

We first notice that the arrangement of type B and C are equal (since €;
and 2e; define the same hyperplane). Then, we notice that the set of vectors
in types A, B, D can be obtained as vectors of the type m. for edges of suit-
able signed graphs, that we will call Z(A;,_1), £(Bn), Z(Dy) and we describe
below.

L(An_1) is the graph Ki{ obtained from the complete graph on n vertices by
assigning a positive sign to each vertex.

Z(Bn) is the graph on n vertices with a pair of opposite-signed edges be-
tween every pair of vertices, and a half-edge at every vertex.

Z(Dy) is the graph on n vertices with a pair of opposite-signed edges be-
tween every pair of vertices.

Now the number of regions in each such arrangement is, by the general
principle, given by the Tutte polynomial of the associated matroid rs — and,

by Lemma as
Try (2,0) = (=)™ (Elxs (1),

In order to compute this number it is now enough to compute the polynomial
Xz (t) for the signed graphs associated to the different root systems.

An—1 The polynomial is X5 (A, ,)(t) = H?;ol (t—1)
The constraints are as in the (unsigned) complete graph: given t
colors we can assign any of them to the first vertex, only t —1 to the
second, and so on.

Thus the number of regions of the arrangement is n! (this agrees
with the fact that the reflection group of type A,,_; is the symmetric
group Sy, of all permutations of n elements - and of those there are
notoriously n!.

B The polynomial is x5 (g, )(t) = [ [iZ; (t —2i+1)
Here the constraints are as follows: between any two vertices we
have two signed edges, that forbid the two vertices to have the same
or the opposite color. Moreover the half-edges forbid the color 0
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everywhere. So that for (odd) t signed colors we have (t — 1) possi-
bilities for vertex 1, (t — 3) for vertex 2 and so on.

Thus the number of regions of the arrangement (and hence the or-
der of the reflection group) is 2n(2n —2)(2n—4).-- =2"n!

The polynomial is Xy (p,)(t) = (t—n+1) H?:_ll(t —2i+1)

Here the constraints are as in B;; but 0 may be allowed: between any
two vertices we have two signed edges, that forbid the two vertices
to have the same or the opposite color. Therefore we can sum over
the possibilities: either 0 is not used, or it is used once, and there are
n possibilities to assign it, while all other vertices must be colored
differently, and according to the rules of By:

n n—1
xro® =] Jt=2i+D)+nJt—2i+1).
i=1 i=1

The number of regions of the arrangement (and hence the order of
the reflection group) isn(2n—2)(2n—4)--- = omn—1lpi
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Exercises IV

IV.1 Prove that axiom (r2) in the definition of a matroid rank function is
equivalent to the statement that

r(AU{e}) +r(AU{f}) > r(A)+r(AU{e f}) forall ACE, e feE.

IV.2 Let X be a connected, loopless signed graph and let T be any spanning
tree of £ (ie., T is an acyclic set of regular edges that are incident to
every vertex). Prove:

e For every regular e € E. \ T there is a unique circuit contained in
T U{e}. We call this circuit C(T, e).

e If ¥ is unbalanced and has no half-edges, then there is an edge
e € E such that C(T, e) is unbalanced.
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Chapter 5

A polyhedral interlude

5.1 Motivation: a loose end about flows on graphs

Recall that an integral k-flow on a graph G = (V,E, h,t) is an assignment
f:E — {—k,...,k} such that

Z f(e) = Z f(e) (as an equation in Z) for allv € V. (5.1)
h(e)=v t(e)=v

The task we set ourselves in Section was to determine the function @@
that counts the number of nowhere-zero integral k-flows on G.

Definition 5.1.1. Call an integer k- flow on G positive if f(E) > 0. Let Ig (k) be
the number of positive integral k-flows on G.

We can make any flow positive by “flipping” edges, i.e., performing the
following operation: Given a graph G = (V,E, h,t) and A C E, let

G A :=(V,E,h,t), whereh'(a) =t(a)and t’(a) = h(a) for all a € A.
Intuitively, as the word says, we “flip” head and tail of all edges in A.

Lemma 5.1.2. If f is a nowhere-zero flow on G, let A :={e € E | f(e) < 0}. Then
the assignment

) :_{ —f(e) ifecA

f(e) otherwise
is a positive integer k-flow on G~
Proof. We only have to show that f’ is an integer k-flow. O

In particular, for every nowhere-zero integral flow there is exactly one set
A C E such that f’ is a positive integral flow on G™. This shows that
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ek =) Ig-alk)

ACE

and therefore we are led to consider the function Ig (k).

Recall the incidence matrix of the graph G, a matrix A € RY*E whose v-th
component in the e-th column is

1 if v="h(e)
(Aelv =< =1 ifv=t(e)
0 otherwise.

Now a positive k-flow on G is any f € ZF such that
Af =0, 0<f<k (5.2)

where 0 = (0,...,0), k = (k,...,k) and the inequalities are understood com-
ponentwise.
Now consider the set

U::{XGIREIAx:O,O<x<1}

and its closure U:={x ¢ RE | Ax =0,0 < x < 1}.
Then we have
Ig(k) =#ZF nku.

The fact that U is a convex polytope with integer vertices opens up the
possibility to compute Ig (k) using Ehrhart theory.

5.2 Polyhedra and polytopes

Recall that, when writing inequalities between vectors we intend the inequal-
ities to be taken componentwise. Moreover, in this section A will denote any
n x m matrix with real entries.

Definition 5.2.1. A polyhedron is any subset of R™ of the form
P={xe R" | Ax < b}
for some matrix A € R™*™ and some vector b € R™.
Example 5.2.2. In Figure [l| we depict two instances of polyhedra in R?.
Definition 5.2.3. A polytope is any subset of R™ of the form
P = conv{xy,..., xx} = {Z Aixi | A1 € Ry, Z AL =1}

for some finite subset {x1,...,x} C R™.
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—X-Y €2

(@) The (unbounded) polyhedron (b) The (bounded) polyhedron
1 2] [x < 8 1 2 8

-1 =1 |y] |2 —1—1x<—2

-1 1|yl |1

1 -1 -1

Figure 1
o (2%

—
~ly
o

~

Figure 2: The polytope conv {(2,3),(3,3)}

Example 5.2.4. In Figure@we depict a polytope in IR?, identical to the bounded
polyhedron of Figure

The goal of this section will be to prove the following fundamental theorem
of polytope theory.

Theorem 5.2.5. A subset of R™ is a polytope if and only if it is a bounded polyhedron.

The next statement is our stepping stone towards proving Theorem [5.2.5|
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Theorem 5.2.6. Let ay,...,am,v € R™. Then either
(1) v=AMai+...+Amam with A > 0, or

(2) thereis c € R™ such that the hyperplane ¢+ contains t — 1 linearly independent
vectors from the set {a1, ..., am} such that c-v < 0 and c-ay,...,c-am = 0,
where t = dim(ay, ..., am, V).

Proof. First, notice that (1) and (2) are mutually exclusive: if both hold, then
we would have 0 > ¢c-v =Ajc-a; +...+ Amc-am > 0, a contradiction. Thus, it
will suffice to show that in any case at least one of the options holds.

Let V= (aj,...,am). f v &V, then V C R" is a proper subspace, and
thus it is contained in a hyperplane H. Choose c to be any normal vector to
H. We have c-v # 0 and so, after possibly switching sign of ¢, we have c-v > 0.
Moreover, as V C H, we also have c-a; =... = c-a;m, =0, so case (2) holds.

Assume from now v € V and, without loss of generality, V = R", so that
t =n. Choose then a linearly independent set {a;,, ..., a;, } among the a; and
set

Do :={i1,...,in}

and for all i > 0 iterate the following procedure.

(i) Consider the (unique) expression v = ZjeDi Ajaj. If A; > Oforall j € D,
we are in case (1) and we stop.

(ii) Otherwise, choose h:=min{j € D |A; < 0}and let H = (a; | j € D\ {h}),
a hyperplane of which we can choose a normal ¢ with c-ap =1, so that
cv=>A, <0.

(iif) If C-ay > O0foralli=1,...,m, we are in case (2) and we can stop.

(iv) Otherwise, let s := min{j € [m] | c-a; < 0}, set

Dij1:=(Di\{h}) U{s}
and repeat.

We must prove that this iteration terminates; by way of contradiction, assume
that this is not the case. Then, since there is only a finite number of options
for choosing D; C [m], we must have Dy = D; for some k < L.

Now at every step i between k and 1 one element is removed from (and one
is added to) Dj. Let r be the maximum among all elements that are removed
at some step i, k <1 <l and let p be a step where this happens (so Dy, 11 =
Dy \ {r}U{j} for some j). Moreover, since Dy = Dy there must be a q # p,
k < q <1, such that r is added to D at the g-th step. In particular,

Dpyn{r+1,...,m}=DgNn{r+1,...,m} (5.3)

55



Letting cq4 be the vector from item (ii) in the g-th iteration and considering the
(unique) expression v =} ;. A;jaj we reach the desired contradiction:
P

0>cqv=rcq:( Z Ajaj) = Z Ajcq-a; > 0.
jeDyp jEDp

the first inequality is by the choice of cq in item (ii). The second inequality
holds because, in fact, every summand is nonnegative and the r-th is positive.
To prove this, remember that

* since T is removed from Dy, by (ii) r = min{j € Dy, | A; < 0}, and
* since 1 is added to Dq by (iv) r = min{j € [m] | c4-a; < 0}
Now let j € Dp:
If j <rthen A; > 0 by x and cq-aj > 0 by *, thus Ajcq-a; > 0.
If j = r then A; < 0 by x and cq-aj < 0 by %, thus Ajcq-a; > 0.

If j > r then j € Dq by Equation (5.3) and since the element removed
from Dq is smaller than r (by maximality in the choice of r), then the
definition of cq implies cq-a; = 0.

O

Let us review the two alternatives in the claim of Theorem Claim
(1) can be rephrased by saying that “v is in the convex cone generated by
ai,...,am”. Infact, a convex cone is any C C R™ such that Ax + uy € C for all
x,y € Cand all A, p > 0, and the smallest convex cone containing a given set
X1,...Xm € R™ is called the “cone generated by x1,...xmn and written

cone{x1,...,Xm}:={Mx1+ ...+ Amxm | Ay =0}

and any convex cone arising this way is called finitely generated.
On the other hand we call polyhedral cone any nonempty C C R™ of the
form
C={xeR"[Ax <0} (5.4)

for some matrix A.

Example 5.2.7. The cone in Figure [3q|is generated, e.g., by the vectors {_21}

wa [ 1]

The alternative expressed in Theorem then can be understood to ex-
press the fact that any point v that is not in the convex cone generated by
ai,...,am is also not in the smallest polyhedral cone containing the ais. In
this vein, and more precisely, we have the following.
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Proposition 5.2.8. A convex cone is polyhedral if and only if it is finitely generated.

Proof.

Finitely generated = polyhedral. Let X := {x1,...,Xm} C R™ and assume
without loss of generality that x;,...,xn span IR™. Every nonzero vector
c € R™ defines a halfspace {x | c-x < 0} bounded by the hyperplane
{x | c-x = 0}, and we consider the set J{ of all halfspaces containing X and
whose bounding hyperplanes are spanned by n —1 linearly independent
elements among the x;. For each halfspace H € J{ choose a defining
vector cpy. By Theorem we have

cone{xy,...,Xm} = ﬂ H

and since there are finitely many elements in J, the cone is polyhedral
(with respect to the matrix whose rows are the vectors cy, H € ).

Polyhedral = finitely generated. Consider a polyhedral cone C := {Ax < 0}
and call ay, ..., ay, the rows of the matrix A. Then the cone generated by
the ay, ..., am is polyhedral by the previous item (“the other direction”),
and so there are by,..., bt € R™ such that

cone{ay,...,am}={Bx <0}
for the matrix B whose rows are the b;s.

Claim. cone{by, ..., b} = C, so C is finitely generated.

Proof. We call K := cone{by, ..., bt} and split the proof in two parts.

First we prove K C C. In fact, by definition a; € K and so b;j-a; <0
for all ,j. Thus Abj < 0, and consequently b; € C, for all j.

Now we prove C C K. If there was a y € C\ K, then by Theo-
rem there would be ¢ with ¢y < 0 and ¢-b; > 0 for all i. But
then we would have

(—c)-by <O0foralli, so —c € cone{ay,...,am},

and we could write —c = ) ; Aja; with all A; > 0. In particular, for
every x € C we’'d have

(—c)x = (Z Aiai)x = Z?\iaiﬁc <0

the last inequality because A; > 0 and, since x € C, a;-x < 0.
In particular, since y € C we would have c-y > 0, contradicting
cy <0.

O
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The last preparation for the proof of Theorem is a statement charac-
terizing (possibly unbounded) polyhedra. Recall that we add subsets of R™
pointwise —i.e., for A,B € R™ we write A+ B={a+blac A, be B}

Proposition 5.2.9. Let P C R™. The following are equivalent.
(1) P is a polyhedron,
(2) P =Q + C for a polytope Q and a polyhedral cone C.

J(-66)

@) REP

(b)

Figure 3: The polyhedron P in (a) can be written as P = Q + C for the polytope
Q from (b) and the polyhedral cone C from (c).

Proof of Proposition [5.2.9}

(2)=(1) Suppose P = Q + C with Q a polytope, say Q = conv{xy,...,Xm},
and C a polyhedral cone, say C = cone{yy, ..., yt}. Then, v € P if and

only if
v X1 Xm Y1 Yt
(1>6cone{(1>,...(1),<0),...<0>} (5.5)
Call K the finitely generated cone in Equation (5.5). By Proposi-

tion K is polyhedral, i.e., there is a matrix A’ such that

K= {A’ (X) <0} —{Ax+Ab <0}

where b is the last column of A’ and A is A’ without the column b.

Therefore, v € P if and only if Av < —b, and thus P ={Ax < —b}isa
polyhedron.

(1)=(2) Suppose now that P = {Ax < b} for some matrix A and vector b.
Consider the polyhedral cone

(1] () o (e conoo

58



By Proposition this cone is finitely generated, say by vectors

X X .
( 1) ey ( m) , where we can suppose after rearranging and rescal-

H1 Hm
ing that thereis 1 < k < msuch that yy =1foralli < kand p; =0
for i > k.

Now by definition P = { <:L) € K) = 1}, so x € P if and only if

(7{) cK,ie., (7{) can be expanded as a positive combination of the
generators of K:

S P Ay >0 forall i,

Recalling the definition of cone and convex hull, this is equivalent to
X € conv{xy, ..., Xy} +cone{xy i1, ..., Xml,

and the claim follows with Q = conv{xq, ..., xx}and C = cone{xy1,...,Xm},
the latter being polyhedral by Proposition 5.2.8|

O

Proof. Proof of Theorem The claim follows from Proposition by
noting that the only bounded polyhedral cone is the cone generated by the
single vector 0, i.e., a single point. O

5.3 Faces of polyhedra

Definition 5.3.1. A face of a polyhedron P = {Ax < b} is any subset of P of the
form
F={x€P|A'x=Db'}

where A’x < b’ is a subsystem of (i.e., consists only of some of the inequalities
of) Ax < b.

Three faces of the poly-
tope P: a vertex (Fp), a
facet (F;) and the (im-
proper) face F, = P.

59



5.3.1 Supporting hyperplanes

An equivalent characterization of faces of polyhedra uses the notion of “sup-
porting hyperplane". We call a hyperplane H a supporting hyperplane for a
polyhedron P if “P touches H but lies wholly on one side of H”.

Definition 5.3.2. Let P = {Ax < b} be a polyhedron. An affine hyperplane
H = {c-x = 8} is called a supporitng hyperplane for P if 6 = max{c-x | x € P}.

H,
NG

H; and Hj are support-

ing hyperplanes of the
polyhedron P.

Remark 5.3.3. Clearly every (nonempty) face F of a polyhedron P is of the form
F = PN H for some supporting hyperplane H. Indeed, suppose F = {x € P |
A’x = b’} is nonempty. Then, if ¢ is the sum of all rows of A’, clearly F is the
set of all points x € P attaining the maximum & = max{c-x | x € P}.

Proving the converse to Remark — that every intersection of P with a
supporting hyperplane is a face — needs more work, based on a corollary of
Theorem that bears considerable importance in its own right.

Lemma 5.3.4 (“Farkas’” Lemma”). Let A be a matrix and b a vector. Then there
exists x > 0 such that Ax = b if and only if yb > 0 for each row vector y with
yA > 0.

Proof. One direction is clear: if x > 0, Ax = b and yA > 0 then clearly
yb =yAx > 0.

For the other direction, let ay,..., aym be the columns of A and argue by
contraposition: if there is no x > 0 with Ax = b, then b ¢ cone{ay,..., am}
and thus, by Theorem there is y with yb < 0 and yA > 0 (the latter
being equivalent to ya; > 0 for all ). O

Corollary 5.3.5. Let A be a matrix and b be a vector. Then the system Ax < b has
a solution x if and only if yb > 0 for each row vector y > 0 with yA = 0.

Proof. The system Ax < b has a solution if, and only if, the system

zg
[I|A‘—A] Z1 =b
122 |
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has a nonnegative solution. (Indeed: given a solution x to the first system,
define vectors x™ and x~ as the positive and negative partﬂ of x, so that x* >

b—Ax
0, x~ < 0and x =x" +x7. then the (nonnegative) vector xT solves
_X_
A0
the second. Conversely, if a nonnegative | z; | solves the second system,
Z

then A(z; —zp) = b—zy < 0.) Now apply Farkas’ Lemma to conclude that
the latter system has a nonnegative solution if and only if yb > 0 for all y
with y[I| A | —A] = [yI|yA | —yA] > 0-1ie, y > 0 (from the first block) and
yA = 0 (from the second and third block). O

We are ready now to state and prove the following result, known as “du-
ality theorem for linear programming”.

Proposition 5.3.6. Let A be a matrix and b, ¢ be vectors. Then
max{c-x | Ax < b} = min{yb |y >0, yA =c}
whenever both sets are nonempty.

Proof. If Ax < b,y > 0 and yA = ¢, then c-x = yAx < yb. This implies the
inequality max < min, if the maxima and minima exist.

For the other inequality we need to show that there exist x, y with Ax < b,
y > 0, yA = c and c-x > yb. This requirement we can translate in proving
existence of a solution to

0 -1 0
A 0 b
¢ bt ["t] <l o (5.6)
0 At y Ct
0 —At —ct
| — ——
—A b

Now Corollary implies that the solvability of is equivalent to prov-
ing wb > 0 for every w > 0 such that WA = 0. In order to check this last state-
ment write w = (wp, W1, Wy, w3, wy) according to the block-decomposition in
. Then the statement’s premise is that w; > 0 for all i and

(1) wiA—wyc =0, (2) wob® + (w3 —wy)At >0, (5.7)
and we need to prove that
(3) wib+ (w3 —wy)ct > 0.

Now we distinguish two cases:

TExplicitly: " = { xi ifxi >0 { xi ifx; <0
cxi =

0 else. 7% 0 else.
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wy > 0. Here we write

(2) 1
wowib =wob'wi > (w3 —wg)Atwi L (W3 —wy)wrc = wy(wz —wy)c,

and (3) follows.

wy =0 Since by assumption the sets over which maximum and minimum are
taken in the proposition’s claim are nonempty, we can choose elements
X0, Yo with Axg < b and yg > 0, ypoA = c. Then

(2)

wib > w1 Axg 8 0> (wy —W3)At95 = (wg —w3)ct

and (3) follows, concluding the proof.
O

Corollary 5.3.7. Let P be a polyhedron. Then F C P is a face of P if and only if
F = PN H, where H is a supporting hyperplane of P.

Proof. Let P ={Ax < b}and let F = PN H with H = {c-x = 6} and 6 := min{c-x |
x € P}, for some ¢ # 0. Now by Proposition we have 6 = min{yb |y >
0, yA = c}, and we can choose yg that attains this minimum. Now consider
A’x < b/, the system obtained from the rows of Ax < b corresponding to
positive entries of yo. Then we have F = {x € P | A’x = b’} since for every
x € P we have Ax < b and so c-x = b is equivalent to ygAx = yob and in turn
(erasing trivial rows) to A’x =b’.

The other direction is proved in Remark O

5.3.2 Facets
Definition 5.3.8. A facet of a polyhedron P is any maximal proper face of P.

Given a polyhedron P = {Ax < b} fix an enumeration ay, ..., am of the
rows of A (resp. the components of b), so that P =(;_; ,{ai-x < bi}. Such
an inequality a;-x < bj is called an implicit equality if P C {aj-x = b;}. We can
then let A=x < b~ denote the system of all implicit equalities and A"x < b™
the system consisting of all other inequalities, called effective inequalities.

Remark 5.3.9. Notice that any face F = {x € P | A’x = b’} can be written
asF={x € P|At'x = b}, where A™'x < b+’ consists of the effective
inequalities in A’x < b’. (in fact, any implicit equality is... implicit in the

requirement “x € P).

Remark 5.3.10. If a system has an effective inequality a;-x < by then there must
be a point x € P\ {ai-x = b;} and in particular this point x satisfies A=x = b~
and ATx < bt.
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Recall that an inequality in a system of constraints is called redundant if its
removal does not change the set of solutions.

Lemma 5.3.11. Suppose a;i-x < b is an effective, non redundant inequality. Then
F:={x € P|ai-x =b;}is a facet of P

Proof. Call A’x < b’ the system given by all effective inequalities other than
a;i-x < by. It is enough to prove that there is a point xy with

ATxp=b7, A/X() <b’ ai-xg = by

such an xo does not satisfy with equality any other row of A’x < b’, thus the
only face bigger than F is P itself.
In order to find x first recall Remark 5.3.10} which guarantees that we can
find some x1 with
ATx; =b~and Atx; < bt

and, since ai-x < b is not redundant, we can also pick x, with
ATx; =b~ and A'xp < b/, aj-xo > b;

Now we can pick xg = tx1 + (1 —t)x, for some t € (0,1) such that a;-xp = b;.
aL‘x:é:

) B (18,

%é[ﬁ,[ﬂ )(0/\_; i Al)( 5!)’

O
Proposition 5.3.12. Every face of a polyhedron P is an intersection of facets of P.

Proof. Let F be a face of P. By definition, it can be writtenas F ={x € P| A'x =
b’} for some subsystem A’ < b’ of Ax < b, say consisting of the inequalities
al-x < b{ fori=1,..., k. By Remark we can assume that all a/-x < b’
are effective, irredundant inequalities. Then, obviously

K
F=(){xePla/x<b{}
i=1

and Lemma(5.3.11|says that every set on the right-hand side is a facet of P. O

63



5.3.3 Vertices

Lemma 5.3.13. A polyhedron P is an affine subspace if and only if it has no nonempty
faces except P itself.

Proof. If P is an affine subspace then it has the form P = {Mx = v} for some
matrix M and some vector v. Its standard description via inequalities is P =

{Ax < b} with A = [_N]\l/l} and b = {_\)\J Now obviously the set P satisfies

A’x = b’ for all subsystems of Ax < b, so every nonempty face equals P.
On the other hand, if P = {Ax < b} has no nonempty faces except P, in
particular for the “full” subsystem we have

P={xeP|Ax=b}={x| Ax <b, Ax =b} ={Ax =1},
an affine subspace. O
Corollary 5.3.14. The minimal nonempty faces of a polyhedron are affine subspaces.

Proof. From Definition [5.3.1] one gathers that every face F of P is a polyhedron
in its own right, and every face F/ C F is a face of F if and only if it is a face
of P. Thus the minimal nonempty faces of P are polyhedra that do not have
nontrivial faces themselves, and by Lemma are affine subspaces. O

Corollary 5.3.15. The minimal nonempty faces of a convex polytope P have dimen-
sion 0 (and are called “vertices” of P). If P = {Ax < b}, every vertex of P is the
unique solution of some system A’x = b’, where the rows of A’ are a maximal lin-
early independent set of the rows of A.

Proof. Since every convex polytope is bounded, the only affine subspaces it
can contain are 0-dimensional ones. O

5.4 Unimodularity and integrality

Definition 5.4.1. Call a polytope P C R™ integral if all its vertices are points
in Z™, rational if its vertices lie in Q™.

We are interested in finding conditions for a polytope to be integral - in
particular, we are aiming at proving that Equation defines the interior of
an integral polytope. To this end, we introduce the notion of unimodularity
of matrices.

Let A be a matrix. A minor of A is any matrix obtained by deleting some
rows and some columns from A.

Definition 5.4.2. An integral matrix A is called totally unimodular if every
square minor of A has determinant 0, 1 or —1.
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Proposition 5.4.3 (Franklin and Veblen, 1921). Let A be a matrix with entries
from {0,+1, —1} and such that each column contains exactly one +1 and exactly one
—1. Then A is totally unimodular.

Proof. Let M be a square minor of A. If M has a column with at most one
nonzero entry, developing its determinant with respect to that column proves
the claim for M. Otherwise every column of M has exactly one +1 and one
—1: in this case the sum of all rows vanishes, thus M does not have full rank
and the determinant of M is 0. O

Corollary 5.4.4. Incidence matrices of graphs are totally unimodular.
Proof. See Exercise O

Our goal in this section is to prove the following characterization of totally
unimodular matrices.

Theorem 5.4.5. For an integral matrix A, the following statements are equivalent.
(i) The matrix A is totally unimodular

(ii) For all integral vectors b, all vertices of the polyhedron {x | Ax < b, x > 0} are
integral.

(iii) For all integral vectors a,b, c, d, the polyhedron {x | a < Ax < b, ¢ <x < d}
has only integral vertices.

In order to prove this theorem we start by considering a weaker notion:
unimodularity.

Definition 5.4.6. An integer matrix A is called unimodular if every maximal
square minor has determinant 0, 1 or —1.

Remark 5.4.7. Notice that an n x m-matrix A is totally unimodular if and only
if the block matrix [I|A] is unimodular, where I is the n x n-identity matrix

(see Exercise

Remark 5.4.8. Obviously a square matrix B is unimodular if and only if det B =
+1. Thus, an invertible square matrix B is unimodular if and only if B! has
only integer entries (as can be ascertained by recalling that B~1 = 7| eltB Adj(B)
and that the adjugate of an integral matrix is again integral).

Proposition 5.4.9. Let A be an integral matrix of full row rank. Then A is unimodu-
lar if and only if for every integral vector b the polyhedron Py, :={x | Ax =b, x > 0}
has only integral vertices.

Proof.
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A unimodular = Py, integral for all integral b. Suppose that A is a uni-
modular n X m-matrix and consider a vertex v of P. Then, there are m
linearly independent constraints in the system

-1 0
A | x< b
—A —b

that are satisfied with equality at v. In particular, the set of columns {a; };
of A corresponding to nonzero components of v are linearly independent
(since, given a linear dependency ) ;Aja; = 0, we could add to v a
(small enough) multiple of the vector with A; in the i-th component for
all i € I and 0 otherwise, and we would obtain a positive-dimensional
space W satisfying with equality the same m independent constraints
as v, contradicting the fact that v is a vertex). Now since A is full-row-
rank we can extend the columns {a;}; to a column-basis of A, obtaining
a maximal (and invertible) square minor B with the property that B~'b
equals v at each of its nonzero components. Since A is unimodular, B~!
and hence B~!b is integral (see Remark. Since nonzero coordinates
of v equal some coordinates of B~!b, it follows that v is integral.

Py, integral for all integral b = A unimodular. Suppose that Py, is integral
for all integral b and let B be an invertible maximal minor of A. Consider
B! and, in order to prove det B = +1, we show that B-lcis integral for
every integral vector ¢ (see Remark[5.4.8). Take c integral and choose y €
Z™ such that z:=y + B~lc¢ > 0. Thenb:=Bze Z" is integral and we
can extend z by zero components to a vector z’ € Z™ with Az’ =Bz =b.
Now z’ is a vertex of Py, (as it is in the polyhedron and satisfies n linear
independent constraints with equality) and by assumption it is integral.
It follows that z (obtained from z’ by canceling zero components) and
with it B~!c = z —y are integral, as required.

O
Proof. Proof of Theorem [5.4.5

(i) & (ii) Recall that A is totally unimodular if and only if [IJA] is unimodular
(Remark 5.4.7). By Proposition this is equivalent to all vertices of
the polyhedron {z | [I|A]z = b, z > 0} being integral, for every integral
b. The latter statement is equivalent to saying that all vertices of {x | x >
0, Ax < b} (i.e., the projection of the former polyhedron on the last m
coordinates) are integral.
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(i) < (iii) Notice that an integer matrix A is unimodular if and only if the matrix

_
~ —1
A= —a

—A

is totally unimodular as well. Now by the equivalence "(i) < (ii)" this
means that N N
Pr:={z|z>0, Ax <f}

has integral vertices for all f € 7Z3". Now given a,b,c,d € N let
fo = |— (5.8)

and notice that fjfo ={x]a<Ax <Db, c <x < d}. Since every f € Z3n
can be written as in Equation (5.8) for suitable a,b,c,d, the proof of
equivalence is complete.

O

5.5 Triangulations

We will need to "dissect" a polytope into smaller polytopes.

Definition 5.5.1. A polyhedral (resp. polytopal) complex is a collection X of
polyhedra (resp. polytopes) such that every face of every member of X is again
a member of X, and for any two members P, Q € X the intersection PN Q is a
face of both P and Q. We call faces (resp. vertices, etc.) of K the faces (vertices,
etc.) of members of X. The support of the complex is | K| := g g K-

We call a set X of points affinely independent if dim conv X = [X| — 1.

X

Xa
Remark 5.5.2. Notice that given xq,...,xq € R4, then conv{xy, ..., x4} = Xo +

{Zizl,...,d Ai(xi —x0) | A = 0,3 ;-9Ai < 1} and this has dimension d if and
only if the vectors x; — xo are linearly independent in R¢.
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In view of the next definition, recall also that a simplex is any polytope
of the form conv X for an affinely independent set of points X. In particular,
a simplex has the smallest possible number of vertices for a polytope of its
dimension.

Definition 5.5.3. Let P be a polytope. We call subdivision of P any polytopal
complex X with |X| = P. A triangulation of P is a subdivision T of P such that
every member of T is a simplex.

Our goal is to show that every polytope has a triangulation all of whose
vertices are vertices of the polytope. For this, we set up some notation.

Throughout this section let V be a finite subset of RY, let P = conv V be
a (full-dimensional) polytope in RY, and let h : V — R~ any assignment of
a positive real number to every vertex. We think of h as a height function and
will “lift” the points of V accordingly into R4*+! obtaining a set of points

VI = {(v,h(v)) | v € V} c R4+,

We will throughout write a point in R4*! = R¢ x R as a pair (x,t) with
x € R4, t € R. Then, we consider

m:RYTT SRY, (x,t) = x

the standard coordinate projection (for instance, (V")) = V).
Moreover, consider the polyhedron

0:={(0,t) e R |t >0},
i.e., the “vertical” coordinate halfline in R4*+1 (notice that 7t(¢) = 0).
Definition 5.5.4. The epigraph of P with respect to the height function h is

P = conv V(M 4 ¢,

ﬁ’z :IA(V;)) \/ {l‘)
{Vlll"“l))

By Proposition P™ is a polyhedron. Let us study its supporting
hyperplanes.
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Lemma 5.5.5. With the notation above, given a vector (a,«) € R4*! and b € R
define a hyperplane H= and a halfspace HS as

HY = {(x,t) e R¥* [ (a,x) +at O b}  for O e {=, <.

If PTh C HS, then o < 0. Moreover, if H= is a supporting hyperplane for PT, then
the face H= NPT is bounded if and only if o < 0.

Proof. If PT" C HS, then in particular for every p € PT" the half-line p + ¢ lies
in HS, meaning (a,p) + «t < b for all t € R .. This is only possible if o < 0.
Suppose now that H™ is a supporting hyperplane and consider the face
F:= H= NP™. Now F is unbounded if and only if F + ¢ C F. In particular, for
every p € F we have p+ (0,R>o) € H™, ie, (a,p) +at =D for all t € R>y.
This is only possible if & = 0. O

Corollary 5.5.6. Every bounded face is a face of some bounded facet.

Proof. Let F be a bounded face. By Corollary we know that F is an
intersection of facets Fy,...,Fy: in particular, F is a face of each F;. Now
assume that every F; is unbounded. By Lemma this means that F; is
contained in a vertical hyperplane, and with any x € F; we have x +{ C F;.
In particular, also F, the intersection of the F;, contains the whole halfline
x + { for every x € F. Since F is non-empty, F would be unbounded: this is a
contradiction to all F; being unbounded. O

Lemma 5.5.7. It is possible to choose the height function h with the following prop-
erty: if {vo,...,va} C V is a maximal affinely independent set, then the (vi, h(vi))
are affinely independent and span a hyperplane that does not contain any other point
of V(.

Proof. Write V = {vq,...,vin} and consider any d + 1-subset I = {iy,...,iq} €

( [m]

a +1) such that {vi}ic1 is affinely independent. In order for {(vi, hi)}ier to
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determine a hyperplane in R4*! they must be affinely independent, and thus
(by Remark [5.5.2) we must have that the determinant

Vil _viO cee vid —Vio 0

o(I) ==
(1 hi,=hy, -~ h hy, 1

ig
is non-zero (notice that the last column is never a nontrivial linear combi-
nation of the first d, since vi, —vy,,...,vi, — Vi, are linearly independent by
assumption). This is however automatically ensured since this determinant
equals +[vi, — vy, ---vi, —Vj,| # 0 because of affine independence of the v;.

Now, if some (vj, h;),j ¢ I, lies on the same hyperplane as (vi, hi), ..., (vi , hiy),
then

Vip 7 Vig Vi
y(IU{j}) = hi, - hy, hj =0
1 1 1

Thus, in order to satisfy the claim, we have to choose h € R™ so that

[T ~ugh#o0

Lj¢l

where the product is over all index sets I of maximal affinely independent

points in V.
As the expression on the left-hand side is a non-constant polynomial, the
set of “good” h is nonempty. O

Theorem 5.5.8. Every polyhedron P = conv(V) has a triangulation all of whose
vertices are in V.

Proof. Choose h as in Lemma and consider the associated PT". Define
T = {W(F) | Fis a bounded face of PTh}

Clearly the 0-dimensional members of T are a subset of V. Moreover, for every
bounded facet F of P™h, say supported on a hyperplane H (say F = H= NPT
and P C HS ={{(q, ), (x,1)) < b)):

(a) Fisasimplex.
Proof. By the choice of h we know that every bounded facet F of PT" is
supported on a hyperplane that contains at least d + 1 affinely indepen-
dent vertices (since dim(F) = d), but no hyperplane can contain more
than d + 1 points from V("): thus T is a simplex.

(b) The restriction 7 : F — 7t(F) is bijective, with inverse t : x — (x, %.?X))

Proof. Since F is bounded, by Lemma o # 0. Thus the inverse is
well-defined and proves bijectivity.
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(c) For every X C F, conv(n(X)) = 7t(conv (X))

Proof. Given (qo, to),.-.,(qx, tx) € Fand Aq,...,Ax € R, we have (qq, to) =
> i Ailqi, ty) if and only if qo = ) ; Aiq; (for the "if" direction: recall the
inverse map of item (b) and notice that t; = (b —(a, qi))/« for all i, and
thus “Zi;l Aty =b—(aq, Zi)l Aiqi) =b—{a,qo) = atp )

(d) m(F) is a simplex with set of vertices 7t(VF), where VF is the set of vertices
of F.

Proof. Since F is a simplex of dimension d, [V¢| = d+ 1. Then, by item
(c) m(F) = conv 7r(Vf) has at most d + 1 vertices. Moreover, linearity of 7t
implies that dim7t(F) = dim(F) = d and, in particular, 7t(F) has at least
d + 1 vertices. The claim follows.

(e) The faces of n(F) correspond bijectively to projections of faces of F.

Proof. Faces of simplices correspond bijectively to (convex hulls of) sub-
sets of vertices. Per items (a) and (d) both F and 7(F) are simplices with
vertices, respectively, Vi and 7t(VE). Thus the bijection 2VE y o7(VE),
I — m(I), induces a bijection between the faces of F and 7t(F).

Moreover,

(f) T consists of all faces of projections of bounded facets.

Proof. By Corollary every bounded face of PT" is a face of a
bounded facet. Thus, by item (e), T is the set of all faces of some 7(F), F
a bounded facet of F.

We now claim that T is a triangulation of P. For this we need to check
three things.

(1) 171 ="P.
The inclusion C follows trivially from P = n(PTh).

In order to prove the inclusion D is is enough to prove that the open
interior of P is contained in 7t(P™"), as 7t is continuous. Let then p be a
point in the interior of P and let € be such that the e-ball B¢ (p) is fully
contained in P. Moreover, let

b :={p+0On PTh,i.e.,(’,p =x+{

for some x € P™. Then x is on the boundary of PT" and therefore it is
in the intersection of P™" with a supporting hyperplane. In the notation
of Lemma there is a vector (a, ) (which we can suppose to be of
norm 1) and a number b such that H= is a supporting hyperplane of
P™ and

x € Fr=P" AHS.
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@

®)

Now, if a=0 then 7(H~) is a hyperplane in R¢ that contains p and
bounds the halfspace 7(HS). Now P = nt(P™) C n(HS), but p + sa ¢
7(HS), a contradiction to B¢ (p) C P.

This means that « > 0 and, by Lemma the face F is bounded.
Therefore p = 7t(x) € t(F) C [T| as was to be shown.

Every member of T is a simplex.

Item (f) shows that every member of 7 is a face of 7t(F) for some bounded
facet F. Since every face of a simplex is a simplex, item (d) ensures that
every member of T is a simplex.

7 is a polytopal complex.

Since every face of a bounded face is bounded, item (f) shows that T
contains all faces of each of its members. We are left to show that the
intersection of any two Ty, T, € T is a face of both. Let F; and F, be
bounded faces of PT" such that T; = n(F;) for i = 1,2. By item (e) it is
enough to prove

n(FiNF)=TNT.

The inclusion C is trivial.
Furthermore, for any p € Ti N Ty \ w(F1 NFy)
the halfline p +¢ DO intersects both F;s.
Therefore there are tq, t; such that (p,t;) €
Fy and (p, ty) € Fp, and tq # tp because p is

': Fo not in 7t(F; N Fy). Without loss of generality
i /[L‘\/(r,h) we can assume t; < t;. Consider a sup-
() porting hyperplan'e H = {(a, a)-x = b} to F».
! Then (p,tp) € F, implies (a,p) + aty = 9.
! Since F, is bounded, we have o« < 0 and
T, poT, so (a,p) + oty > O, contradicting the fact

that, since H is a supporting hyperplane,
we should have P C HS. Thus TTNT, C
7t(F1 N Fy) and we are done.

O

Definition 5.5.9. We say that a polyhedron P (resp. a pointed cone) can be
triangulated using no new vertices if there exists a triangulation T of P such that

the vertices of T are vertices of P.

Analogously, we say that a pointed cone C can be triangulated using no new
generators if there exists a triangulation T of C such that the generators of T
are generators of C.

Corollary 5.5.10. Every polyhedron P can be triangulated using no new vertices.
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5.6 Sources and Bibliography

The approach of Section is from the original paper by Kochol [5]. Sec-
tions [5.2| to [5.4] follow more or less closely the treatment by Schrijver [6]. Sec-
tion |5.5|is based on Chapter 5 of Beck and Sanyal [2] and Chapter 3 of Beck
and Robins [1]]
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Exercises V

V.1 This exercise should give a geometric intuition for the "Farkas’ type"
statements we have seen. Let

(a) Consider the statement of Farkas” lemma. Let

I A LA

For i = 1,2 do the following: determine the solutions of Ax = bj;
then draw the set of points y with yA > 0 and check whether
yb; > 0 for all such y.

(b) In order to illustrate Corollary consider

1 1 1 -1
1 —2 ’ b1 =10 ’ bz = 0.
-2 1 0 0

For i = 1,2 determine the set of solutions of the system Ax < bj,
consider the set of all y € R® with y > 0 and yA = 0 and verify
whether yb > 0 for all such y.

(c) Check the claim of Proposition using the data A from (b) above
1
and b := [2] ,C = E] . In particular, draw a picture of Ax < b and

0
of the points where c-x is maximum; then draw the set yA = c,
y > 0 and compute the minimum on the right-hand side.

V.2 Recall the definition of the incidence matrix of a graph and prove Corol-

lary

V.3 (+) Let P be a polyhedron and consider the set .% (P) of all faces of P,
partially ordered by inclusion.

(@) Let xg,...,xq € RY be chosen so that these points do not lie all on
the same (affine) hyperplane. Then P := conv{xg ldots, x4} is called
a simplex. What is the poset of faces of a simplex? (You can start by
concrete examples with d =2, 3).

(b) Prove that for every polyhedron P, the poset .# (P) is ranked.
(c) T Prove that for every convex polytope P the poset .#(P) is a
ranked lattice.

V.4 Prove that an integer n x m matrix A is totally unimodular if and only if
the block matrix [1 | A] is unimodular (here 1 denotes the n x n identity
matrix).
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V.5 ([T, Exercise 3.3]) Let ey, ..., eq be the standard basis vectors of RY. For
every permutation 7t of the set [n] consider the polytope

A := conv{0, €n(1), €n(1) + €r(2)s--+r€x(1) + er(2) +...+ eﬂ(d)}.

Prove that the polytopes A and all their faces define a triangulation
of the unit cube [0,1]¢. Moreover, prove that any two such simplices
can be obtained from one another by a congruence (a concatenation of
reflections, rotations and translations).
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Chapter 6

Rational generating functions

The last ingredient we need towards Ehrhart’s theorem is rational generating
functions as "representations" of number sequences.

6.1 Basics

Fix a natural number d and a field K.
The main idea is that any function f : Z9 — K can be represented by the
formal expression in the variables zy, ..., zq:
Z f(m)z™, where we write z"™ = 21“1 ezt
mezZd

Every such expression is called formal Laurent series. The word "formal" in-
dicates that we are not concerned about analytic convergence. We treat such
"sum" as abstract formal objects.

It is common to call

Cllzy, ..., z4ll :—{ > f(m)z™

meN

f:]Nd—>C},

the set of formal power series in the variables zy, ...,z4. The degreeof 3 | .74 f(m)z™

is defined as max{) ; m; | f(m) # 0} € NU{oo}. Thus an element of C[[zy, ..., z4]]
of finite degree is a polynomial, i.e., an element of C[zy, ..., zq4].

6.1.1 Algebraic structure

The following addition and multiplication rules define a ring structure on the
set of formal power series (and of formal Laurent series, by changing the index
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set from IN to Z):

D fm)z™+ Y g(m)z™:= ) (f(m)+g(m))z™

melN melN melN
Z f(m)z™ - Z g(m)z™ = Z (Z f(k)g(m—k)) z™m.
meN meN meN \kezZ

Example 6.1.1. The following identity holds in the ring C[[z]]:

1
11—z ZZk'

kelN

Thus, the function f : N — C constant equal to 1 can be represented by the
fraction on the left-hand side. We call “rational” any formal power series that
equals a rational expression in the ring of formal power series.

The gist now is: whether a function f : IN — C agrees with a polynomial can be
ascertained by looking at the rationality of the associated formal power series. In the
next section we will make this precise.

Before that, let us collect some considerations on the case K = C

6.2 The main theorem

Theorem 6.2.1. Fix «,...,0q9 € Cwith d > 1 and aq # 0. Then, for every
function £ : IN — C the following are equivalent:

(i)

nelN
where q(z) =1+ gz + ...+ aqz® and p(z) is any polynomial in z of degree
less than d.

(ii) For allm € IN:
d

Y aif(n+d—1i)=0
i=0

(iii) Forallm € N,
k
fn) =) pilnqy}
i=1
where the y; are distinct, nonzero complex numbers with 1+ xqz + ...+

gz = (1 —v12)% - (1 — yyz)% and each p; is a polynomial of degree
less than d;
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Proof. Fix q(z) := 1+ oz + ...+ aqz? = (1 —y1z) -+ (1 —yz) 9%, all y;
nonzero and distinct. Consider the following complex vectorspaces:

e Vi :={f:IN — C such that (i) holds}.

Notice that dim V; = d, as in (i) we can choose the d coefficients of p(z)
freely.

e Vo :={f:IN — C such that (ii) holds}.
Here we have dim V, = d because in (ii) the choice of the f(n +1), 1 =
0,...,d—1is free and determines f completely.

e V3 :={f:IN — C such that (iii) holds}.
Here, for every i we can choose the d; coefficients of p; freely, and this
choice determines f completely. Thus, dim V3 =d; +... +dy = d.

f:N—>C such that
o V= Zne]N f(n Z‘L 1 Z],1 61) (1—viz)™) (#)
for some [51] € C and where the vy, d; are as in (iii)
We claim that dim V; = d. This is not as evident as in the other cases.

First, notice that V; is spanned over C by the rational functions

1 . .
Ri]'(Z)_:m, 1—1,...,]{,)—1,...,(11.

Since there are }_; d; = d such Ry;s, we have dim V, < d

Now it is enough to show that the Ri; are linearly independent. By way
of contradiction suppose that there is a linear dependency ) _ci;Ryj(z) =
0 with complex coefficients ci; not all equal to zero. Let iy such that
¢iyj # 0 for some j, and let jo be the largest such index. Now multiplying
the linear dependency by (1 —vi,z)® and setting z = yl—lo gives the
equality c;yj, = 0, a contradiction. Thus the Ryj are linearly independent
and dimVy =d

Now it is enough to show that V| = V, = V3 = V4. We now do so, in three
steps.

V3 =V, Since dim V3 = dim V; it is enough to prove V4 C V3. To this end, recall

that
_ j—I—TL—l n_n
(1—%2 (ZY ) _Z( j—1 )Yiz'

nelN nelN

1Formal power series are formal objects, and one has to make sense of "setting z to...". In this
case, the subring R of C[[z]] generated by the Ry; with i # ig and (1 — vy,z) is in the image of
the ring of rational functlons C(z), and the map C(z) — C[[z]] is injective. Now every functlon
in R is defined for —— and thus the map R — C obtained by formally replacing z with —10 is

well-defined, so that an identity in R goes to an identity in C.
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Vi=Vg

Vi=V,

Notice that (jjgfl_l), as a function of 1, is a polynomial of degree j — 1.

Now let f € V4. For all n, f(n) equals the coefficient of z™ in (), which
we can compute to be

k di .
j+n—1 n
é(lﬂf&ﬁ( " ))vi, 0

where the expression inside the big parenthesis is a polynomial in n of
degree at most d; — 1. Therefore f € V3 and the proof is complete.

The right-hand side of (f) equals

T (M0 = va2) 8 T3 By (1= yiz) 47
[T (1 - viz)

where the numerator is a polynomial of degree strictly smaller than
> i di = d. Thus, V4 C V;. Since both spaces have dimension d, equality
follows.

, (bb)

If f € V4, then
q(z) Y f(n)z" =p(z).

neN

Now equating the coefficient of z% on both sides of the last equality
gives the relation in (ii).

O

Call a function f : IN — C polynomial if there is a polynomial p € Clz] with
f(n) =p(n) for all n € IN.

Corollary 6.2.2. Let f: IN — C and d € IN. Then f is polynomial of degree at most
d if and only if

> - P

nelN

for some p(x) € C[x] of degree at most d.
Moreover, f is polynomial of degree exactly d if and only if p(1) # 0.

Proof. Equation (f) is an instance of Theorem (i), withk=1and y; = 1.
From the equivalence of (i) and (iii) in Theorem we have then that (4) is
equivalent to

f(n) =pi(n)

for a polynomial p; € C[x] of degree at most d.
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For the second claim notice that following (b) in the proof of Theorem [6.2.1]
our f satisfies Lot
+ .
j+n—1
f(n):jzlﬁ“( j—1 >

for some numbers {35, so f is polynomial of degree d if and only if B1(q41) #
0. Now, the numbers 3 are related to p(z) via the expression in (bb). In our

case, this means
d+1

p(z) =) By(1—z)dH
=1

and from here p(1) # 1 if and only if 31(441) # 0. The claim follows. O
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Exercises VI

VL1 Give a nonrecursive form for the general term of the following recur-
sively defined integer sequences.

e qp=2,a1=3,an=3an_1—2ap pforn>2
e aqy=0,a1=2,an =4a, 1—4an o forn>=2

e ap=>5a; =12, an =4a,_1—3an_o—2"2forn >?2
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Chapter 7

Ehrhart theory

NOTE: This chapter follows very closely chapter 3 of
Beck-Robins “Computing the continuum discretely". I
omit proofs and examples that can be found in that
chapter.

Our goal in this chapter is to determine the lattice-point enumerator function
of a given convex polytope P in RY, defined for every integer t as
1
Lp(t) :=#(tPNZY) =#PnN ¥zd),
i.e., as the number of integer points contained in the t-th dilate of P.
This chapter is devoted to proving

Theorem 7.0.1. For every integral d-dimensional polytope P, Lp (t) is polynomial of
degree d.

The preceding chapter should suggest to us to consider the Ehrhart series
in one variable z:

Ehrp(z) == Z Lp(t)zt
t2>0

7.1 Formal Laurent series from integer points

Definition 7.1.1. Let P be any polyhedron in R9. Define

op(z1,...,24) = Z z™m.
mePnz4d

We call this the integer-point transform of P.
Example 7.1.2. See Examples 3.3 and 3.4 in the book by Beck and Robins [1]
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Recall that a simplicial cone is a polyhedral cone C generated by dim(C)
vectors.

Theorem 7.1.3. Let my,..., mq € Z< be such that
C :=cone{my,..., mg}
is a simplicial d-dimensional cone. Let
d
M= {inmi 10 <A < 1}
i=1
be the “fundamental parallelepiped” of C. Then, for every v € R™ we have

Gerﬂ(er--'/Zd)
_Zml)...(]__zmd)

GV+C(er---er) = (1

Proof. The proof follows the template of the previous example - see [1]. O

7.2 Coning over polytopes

Definition 7.2.1. Let P C IRY be a convex polytope with vertices x1, ..., xy.
We call standard cone over P the polyhedron

C(P) := cone{(x1,1),... (xx,1)} C R+

Now consider the ("vertical") vector eq,1 := (0,...,0,1) € R4+, Given an
integer t we let
HY =y e RY | (eas1,y) = )

denote the "horizontal" plane at "height" t and define
Pt .= c(P)nHM.

Remark 7.2.2. Notice that, under the canonical identification of H(t) with R4,
we have P(1) = P and, in general, P(t) = tP, the t-th dilate of P. Thus, for the
integer point counting function we have

and, since every integer point of C(P) is obviously an integer point of exactly
one P(t),

ocpy(L...,1,2) =14 ) Lpw(l)z' =) Lp(t)z' =Ehrp(2)
t>1 t>0
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Proof of Theorem
By Corollary it is enough to prove that the power series satisfies

p(z)

EhrP (Z) = m

for a polynomial p of degree at most d and p(1) # 0.

Moreover, by Theorem it is enough to prove this for P an integral
simplex (since any integral P can be triangulated with no new vertices, and in
particular the triangulation consists of integral simplices).

Then, let P be an integral simplex — say with vertices x1,...,xq+1 € R9.
Then C(P) is a simplicial d-cone generated by

my = (x1,1),...,May1 = (xa+1,1) € 24
and now from Remark and Theorem that

Gﬂ(lz . '/1/Z’d+1)
(1_Z)d+1

Ehl‘p(Z) = O‘C“:)(l,. . ~1/Zd+l) =

where IT = {Aym1 +...+Ag1mg+1 | 0 <Ay < 1} is the half-open fundamental
parallepiped.

Now orr(1,...1,z441) is a polynomial in z441 (since TT is bounded), and
its value at zq,1 = 1 is not zero (in fact, ory(1,...1) is the total number of
integer points in Il, and IT contains at least the origin). We only have to
show that the degree of oy7(1,...1,z411) is at most d. For this, notice that the
maximum zq1-degree in ory(zq,...,2z4+1) is the maximum value of the last
coordinate over all integer points in T1. Now the last coordinate of a generic
point Aymy + ... +Ag41mg4q in the parallelepiped is A; 4 ... +Ag41. Thus,
every point in TT has last coordinate strictly less than d + 1, and so every
integer point in T has last coordinate at most d.
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Exercises VII

VIL1 For each of the following simplices compute the Ehrhart series and the
Ehrhart polynomial.

e conv{(0,0),(1,0),(0,1)}
e conv{(0,0,0),(1,0,0),(0,2,0),(0,0,3)}
e conv{(0,0,0,0),(1,0,0,0),(0,2,0,0),(0,0,3,0),(0,0,0,4)}

VIL.2 Compute the Ehrhart polynomial of the unit square [0, 12 in R? using
the theory developed in this chapter, and compare the result with the
"common sense" computation.

VIL3 Let G be the graph depicted below, oriented so that "every edge is ori-
ented clockwise"

Compute the number of positive k-flows on G using Ehrhart theory,
following the steps below:

o Consider the incidence matrix A of G and compute the vertices of
the polytope P = {Ax =0, 0 < x < 1} (this is the polytope U of the
beginning of chapter V).

(Hint: this polytope lives in the 2-dimensional space W = ker(A) C
R*, hence the candidates for being vertices are the intersections of
the lines WN{x; =0}, Wn{x; =1},i=1,...,4)

e Compute the integer point enumerator L (t) for Q ranging over all
faces of P.

e Give a polynomial expression for the function I (k), counting the
number of integer points in U.

Bonus question: how many flippings of G support positive k-flows? Can
you compute the "full" integer flow polynomial of G?

85



Bibliography

[1] Matthias Beck and Sinai Robins. Computing the continuous discretely. Un-
dergraduate Texts in Mathematics. Springer, New York, second edition,
2015. Integer-point enumeration in polyhedra, With illustrations by David
Austin.

[2] Matthias Beck and Raman Sanyal. Combinatorial reciprocity theorems, vol-
ume 195 of Graduate Studies in Mathematics. American Mathematical Soci-
ety, Providence, RI, 2018. An invitation to enumerative geometric combi-
natorics.

[3] Reinhard Diestel. Graph theory, volume 173 of Graduate Texts in Mathemat-
ics. Springer, Berlin, fifth edition, 2018. Paperback edition of [ MR3644391].

[4] Chris Godsil and Gordon Royle. Algebraic graph theory, volume 207 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 2001.

[5] Martin Kochol. Polynomials associated with nowhere-zero flows. J. Com-
bin. Theory Ser. B, 84(2):260-269, 2002.

[6] Alexander Schrijver. Theory of linear and integer programming. Wiley-
Interscience Series in Discrete Mathematics. John Wiley & Sons, Ltd.,
Chichester, 1986. A Wiley-Interscience Publication.

[71 W. T. Tutte. Graph theory, volume 21 of Encyclopedia of Mathematics and
its Applications. Cambridge University Press, Cambridge, 2001. With a
foreword by Crispin St. J. A. Nash-Williams, Reprint of the 1984 original.

[8] Hassler Whitney. A logical expansion in mathematics. Bull. Amer. Math.
Soc., 38(8):572-579, 1932.

86



	Some recurring notations
	 Graphs, colorings and flows 
	Graphs
	Colorings
	Flows
	Exercises I

	The Tutte polynomial
	Definition
	Duality and matroids 
	Universality
	Exercises II

	Geometric lattices and arrangements of hyperplanes
	Arrangements of hyperplanes
	Matroids from geometric lattices
	Geometric lattices from matroids
	Interlude: Arrangements
	Minors
	Dissection theory
	An example: graphic arrangements

	Exercises III

	Signed graphs
	Definition
	Coloring
	Matroids
	Arrangements from signed graphs
	Arrangements associated to root systems
	Exercises IV

	A polyhedral interlude
	Motivation: a loose end about flows on graphs
	Polyhedra and polytopes
	Faces of polyhedra
	Supporting hyperplanes
	Facets
	Vertices

	Unimodularity and integrality
	Triangulations
	Sources and Bibliography
	Exercises V

	Rational generating functions
	Basics
	Algebraic structure

	The main theorem
	Exercises VI

	Ehrhart theory
	Formal Laurent series from integer points
	Coning over polytopes
	Exercises VII


